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ABSTRACT

This paper presents an analytical solution for potential cross-flow in doubly-periodic in-line and
staggered tube banks. The solution, in the form of a power series for the complex potential, is consistent
with the well-known solution for a single cylinder. Results are tabulated for in-line square, rotated square,
and equilateral triangle geometries for pitch-to-diameter ratio 1.25 < s/d < 2. Pressure contours and
flow nets are presented for selected cases, together with local pressure coefficient and wall velocity data.

Ecoulement potentiel dans les faisceaux tubulaires

Dans ce papier on présente un solution analytique pour un écoulement potentiel aux travers des
faisceaux de tubes arrangés double-périodiquement en ligne et en quinconce. La solution, sous forme de
série de puissance pour le potentiel complexe, est cohérente avec la solution trés populaire pour un seul
cylindre. Des résultats sont présentés pour des faisceaux i disposition carrée droite, carrée tournée et i
triangles équilatéreaux pour de rapports distance entre rangées/diamétre des tubes 1.25 < s/d < 2. Les
distributions spatiales des nets de pression et des flux d’écoulement sont données pour certain cas, et sont
accompagnées des coefficients locales de pression et les vitesses aux parois correspondantes.
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INTRODUCTION

In-line and staggered tube banks are commonly-employed in heat exchangers, Beale [1]. Knowledge
of potential flow furnishes insight into some salient features of real flow within the passages of tube
banks, where local variations in pressure may be large in comparison to row losses due to viscous
effects. Analytical solutions are also of use when calculating the rate of heat transfer, e.g. in liquid
metals, Hsu [2], and other working fluids, and in the analysis of flow induced vibrations, Paidoussis 31
In addition they provide convenient benchmarks for assessing the accuracy of numerical schemes.

In this context, the early method of Knight and McMullen [4] was meritorious, however the authors
chose to represent the flow with a series of even and odd complex harmonic functions. The latter could
not possibly satisfy the appropriate Dirichlet boundary conditions; e.g. for an in-line tube bank, lines
mid-way between rows or columns must be iso-potentials or constant stream-lines, as appropriate. Suh
et. al. [S] proposed a solution for the complex potential, W = ¢ +iy, by the introduction of doublets at
the location of the centre of each tube. Dalton and Helfinstine [6] and Yamamoto [7] explain the need to
introduce secondary, tertiary, and higher-order image-doublets, when such a scheme is employed, in
order that the normal velocity be zero, u, =0, at the cylinder wall. Otherwise the circular shape of the
cylinders is lost, and the reader may verify that for tube banks with 1.25 <s/d< 2, the distortion is
significant. The solution given in [5] also violates the Dirichlet boundary condition in y, above.

Chen [8] and Paidoussis et al. [9] obtained Fourier series of W, for bundles of staggered cylinders
containing a maximum of 19 tubes (5 rows with 3-4-5-4-3 tubes) and 7 tubes (3 rows containing 2-3-2
tubes) respectively. The experimental results of Zukauskas et al. [10] show that for relatively small
numbers of rows, the flow is not fully-developed, thus data from the first and last three rows or so, of the
analytical solution, must be discarded as must those from the sides of the bundle: Because multiple
summations are performed in [6-9] an alternative more economical solution is sought, for a single unit of
the bank, corresponding to a rectangular (in-line) or thombic (staggered) primitive region; one which
exploits the doubly-periodic nature of the bank geometry, and results in a reduction in required
computational effort.

RESULTS AND DISCUSSION

The required expression has the form,

o a4l 2n#l
w=%8 11X (ﬁ’-) 1
; 2n+l {( ro ) + z } ( )

where z = x + iy, and r, = d/2 is the cylinder radius.

The B, coefficients are evaluated numerically, as described in the Appendix. Table 1 is a
tabulation of B, for in-line square, rotated square, and equilateral triangle configurations in the range
1.25< s/d < 2. References [11,12] contain tabulations over a wider range, as well as further details about
the derivation. Numerical tests showed that Eq. (1) was accurate over a wide range of s/d, though in the
limit s/d—0, series truncation errors may be significant. In the limit s/d — oo, B, is the dominant term,
and the correct solution for a single cylinder, Milne-Thomson [16], is obtained.
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Figure 1. (a) Contours of velocity potential, , and stream function, v, for in-line square and (b) rotated
square banks, with s/d=1.5, (c) and (d) show pressure contours for the same configurations.
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Figure 2. Pressure coefficient, ¢, vs. the angle, o,  Figure 3. Normalized tangential velocity,
from the front of the cylinder. u* = u, [u,, around the cylinder wall. u, is the

bulk velocity in the minimum cross-section.
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Figure 1 shows contours of velocity potential, ¢, stream function, y, and pressure, p,
for in-line and rotated square banks, with s/d = 1.5. The latter are calculated from the complex velocity
U =-dW/dz, using Bernoulli’s law. For the in-line geometry, contours of ¢ at x =+s/2 and of v at
y = x5 /2 are straight lines; for both in-line and staggered geometries, the bifucating stream-lines at y =0
form well-defined circles, i.e., both inner and outer boundary conditions are satisfied. Pressure maxima
occur at o =0° and 180°, minimum at £90°, with a saddle-point in the free-stream between cylinders,
Fig. 1(c,d). These ‘checkerboard’ pressure distributions may possibly contribute to the shear-layer
instabilities and wake-switching effects known to occur in viscous flow in tube banks, Beale and
Spalding [17].

Figure 2 shows values of pressure coefficient, ¢, =1—(p(0)- p(cr))/3pit;, while in Fig.3
normalized velocity, u*= u, /u,,, around the cylinder wall is displayed. For s/d = 20, the distributions
approach those for a single cylinder; with ¢, =1, u* = 0 at 0 =0° and 180° and ¢, > -3, u*—>2 at
o =90°. The in-line and equilateral triangular bank distributions are essentially identical. For moderate
s/d = 1.5, there is less variation in ¢, and «*, the maximum «* of 1.1 to 1.3 corresponding to ¢, values of
—0.34 to -0.67. For highly compact banks, there are substantial differences in the three distributions: For
in-line banks u* is a maximum of slightly over unity at o = 90°. In rotated square banks, two distinct u*
extrema occur across the diagonals at 45° and 135°. Equilateral triangular banks exhibit an intermediate
behaviour, with one global extremum at o = 90°; and two local extrema at o = 45° and 135°, The two
staggered banks exhibit similar distributions in the range 60°-120° (around the minimum cross-section):
note the global maximum is the same value for all geometries.

CONCLUSIONS

A theoretical solution for potential flow in tube banks was derived in terms of a power series for
complex potential, W. Results were tabulated for the three main types of bank configuration, in-line
square, rotated square, and equilateral triangle. For very large pitch-to-diameter ratio, s/d, the solution
approaches that for a single cylinder, regardless of bank type. For s/d in the range 1.25-2, typical of
many engineering applications; velocity and pressure distributions differ substantially from those
obtained from the solution for a single cylinder with fluctuations in ¢, being substantially less
pronounced than for a single cylinder, and somewhat dependent on geometry. Velocity and pressure
distributions were found to be more affected by s/d than s/d. For very compact banks, velocity and
pressure distributions were found to be strongly dependent upon bank type: For staggered banks, the
minimum cross-sectional area lies across the diagonal at oo = 45° and 135°, consequently the velocity is a
maximum and the pressure is a minimum in this region with the flow and pressure distributions
exhibiting diagonal symmetry as s/d — 0. The results are important indicators for real-flow, where local
pressure variations around the tube wall are large in comparison to the row pressure drop.
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APPENDIX: MATHEMATICAL DETAILS

Let it be assumed that the cylinders lie in the complex plane at Q,.,=2mw, +2nw, where , = s5/2,

o, = is /2 (in-line) or ®, = 5/2 + is /2, &, = 5/2 - is /2, (staggered), s, and s, are stream-wise and crosswise
pitches, and W is composed of linear and doubly-periodic terms. Assume,

po— x hnd
W=-2A¢—+ 2 AriWayus (2)
x s=0
¢,. = Re(W,,,, )are zero on appropriate symmetry lines, and A, are selected to satisfy u, = Oat r,. For

problems involving one cylinder, the use of circular harmonics is well-known Batchelor (13]. W,,,, are
chosen similarly, as derivatives of sinks at Q_, , non-dimensionalized according to,

Wy =y Lyge L 3)
25+t T (25‘)’ Z.\- _— (Z“Qm,")x

The prime-sign indicates the value m = n = 0 is excluded. This may be expanded as a Laurent series,

—2y5-1 - 2n+]
Z Z
‘lVZ.vH = (_) + Za2n+l2.\'+l [—J 4)
s ~ s

X X

The double summation in Eq. (2) has been reduced to a single one, resulting in significant saving in the
computational time required to obtain a solution. Thus,

¢2.\'+l = p“2-"‘] + 2(1‘2.\'+12n+1p2"+l COS(zn + 1)9 (5)
n=0

where z/s5, = pe® With 9¢/dp =0at p=p, where L = % /s,. It can readily be shown that W is of the
form Eq. (1) with,

B, = 22 ©)
The A, ,, coefficients are evaluated as follows,
Ao = A ™
Ay = —2A0U°%, Ay, =0, n=2 (8)
Asp = gaz_mz,,ﬂA,-,z.m , r>1 ©)
with,
Qi = (2";8'252_”1; Dot ram (10)

Transactions of the CSME, Vol.23, No.3&4, 1999 358




c, 1 3 &
Oy, = k= Wm-1)2k-2n~c,c,,, k24 1
e ST T (2k+1)(2k——1)(k—3)2( n=D(2k=2n-le,c,., (b

x n=2

where ¢, = 1/Q _, * are the coefficients of the Laurent series for Weirstrass’ {- function, and ¢, c.,
k mon 1 2

m,n

and c, are computed according to Ling and Tsai [14,15].
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