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ABSTRACT 

The paper presents the results of a numerical simulation of rubble ice pile-up along a 
shoreline or against a shore-protection breakwater.  The simulations detail the evolution of 

sail and keel geometry, and the pile-up of the ice rubble as it interacts with the structure. 
 

A numerical model of floating ice movements and deformation is used.  The model is based 
on the Particle-In-Cell (PIC) approach, combined with a viscous plastic ice rheology.  The 
PIC model is semi-Lagrangian.  It is based on using discrete particles to model ice 

advection, while solving the momentum equations over an Eulerian grid.  
 

In the present paper, the depth-averaged PIC model is described, and used to predict ice 
pile-up heights, grounding and pressure on four different shoreline slopes.  The results 
show that pile-up height and depth can grow to reach maximum values.  Those maximum 

dimensions depend upon the slope of the shoreline.  The numerical results are compared to 
field observations.  A parametric study also determined the influence of ice thickness and 
ice properties. 

INTRODUCTION 

Ice sheets moving against a beach or a breakwater can cause damage in certain situations.  

The form of ice encroachment can be categorized as either ice “ride-up”, where the ice 
sheet moves inland, or ice “pile-up” where the ice piles-up along the shore.  Both situations 

can cause erosion damage with possible damage to armour rocks in breakwaters (Timco et 
al. 1995).  Furthermore, there have been many reported cases of ice riding-up the shore and 
causing damage to infrastructure, houses and cottages (Tseng 1974; Kovacs 1983; 

Christensen 1994).  In general, however, ice pile-up is less damaging to infrastructure than 
ice ride-up.  To prevent ice ride-up, shoreline instabilities can be effectively used to induce 

pile-up behaviour. 
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This paper focuses on the pile-up phenomenon.  It investigates the ice piling process using 

a numerical model that provides information on the time-evolution of the sail and keel 
portion of the pile-up.  Four different cases are examined: 

1. An ice sheet interacting with a gently-sloped (1:14) beach; 
2. An ice sheet interacting with a moderately-sloped (1:7) beach; 
3. An ice sheet interacting with a “steep” (1:3) sloped breakwater section; and  

4. An ice sheet interacting with a headland formation.      
 

In each case, the pile-up behaviour is initiated at the shore-water interface.  Ride-up effects 
are not considered.  The rubble height and lateral extent of the broken ice pile are 
investigated as a function of time as more ice interacts with the rubble pile.  Each of the  

four cases presents a different situation.  In the first case, the ice pile-up is affected by the 
gentle slope, which provides “grounding” of the broken ice.  In the remaining cases, this 

effect is less pronounced.  
 
This paper describes the numerical model and its application to the ride-up problem.  It 

should be noted that this model has been successfully validated in previous investigations 
of ice interaction with structures (e.g. Sayed et al. 2000).  In the present paper, the model is 

used to elucidate and understand the important parameters than affect the ice pile-up 
process against sloping shorelines. 

NUMERICAL MODEL 

For the Particle-In-Cell (PIC) approach, the ice cover is represented by discrete particles 
that are individually advected.  Particles are used to model advection and keep track of ice 

thickness and concentration (or area coverage).  The momentum equations, however, are 
solved over a fixed (or Eulerian) grid.  Continuum equations are also used to describe the 
rheology of the ice. 

 
In the two-dimensional PIC formulation, each particle is considered to have an area and a 

volume.  The area of a particle can decrease if the pressure exceeds a certain limit (i.e. 
ridging pressure).  The volume, however, remains constant.  Thus, if a particle is subjected 
to relatively high pressures, its area may decrease, and its thickness would correspondingly 

increase (constant volume = area x thickness).  
 

At each time step, the areas of the particles are mapped to a fixed grid; i.e. the areas of the 
particles are converted to continuum ice concentration values (area of ice/total area) for 
each node of the grid.  Similarly, the thicknesses of the particles are converted to 

continuum ice thickness values at the nodes of the grid.  Such mapping from the particles to 
the fixed grid is done using linear interpolation.  Thus, when calculating ice concentration 

for a node in the fixed grid, particles closer to the node are given higher weight than those 
farther away from the node. 
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Once values of ice concentration and thickness are determined at each node of the fixed 

grid, the continuum momentum and rheology equations are solved over that grid.  Those 
continuum equations can thus be solved in an efficient way.  The use of a fixed grid makes 

it possible to employ implicit numerical methods, which are efficient. 
 
The solution of the momentum and rheology equations gives velocity values at the nodes of 

the fixed grid.  Those velocities are mapped from the nodes to the particles in a manner 
similar to that discussed above.  The particles are then advected to new positions.  

 
The linear momentum equations are expressed as 
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where ρice is the ice density, h is the ice thickness, u
r

 is the velocity vector, σ is the stress 

tensor, 
a

τr and 
w

τr  are the air and water drag stresses, and gτr  is the grounding stress.  The 

air and water drag stresses are given by the following quadratic formulas 
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where ca and cw are the air and wind drag coefficients, 
a
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 is wind velocity, 

w
U
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 is water 

velocity, and ρa and ρw are the air and water densities, respectively.  Equation (2) assumes 

that ice velocity is small compared to wind velocity.  
 
The grounding stress is considered proportional to normal stress on the ground (difference 

between sail weight and keel buoyancy), friction coefficient between ice and the 
breakwater, and breakwater slope.  If keel depth is smaller than water depth, grounding 

resistance would be zero.  Otherwise, the grounding stress is given by 
 

( )( )( )ϕρρρτ tan+−+= Shhcg watericekeelsailiceg

v
     (4) 

 

where g is the gravitational acceleration, c is ice concentration in the bulk rubble, iceρ  

and waterρ  are the densities of ice, and water, hice is sail height, hkeel is keel depth, S is the 

slope, and ϕ is the angle of internal friction of bulk rubble.  We assume here that grounding 
resistance is limited by shearing of ice rubble.  The grounding resistance, given by Equation 

4, acts along a direction opposite to ice velocity.  
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The stress-strain rate relationship is given by 

( )
ijkkijijij

p δεηζεηδσ
••

−++−= 2             (4) 

where 
•

ijε  is the strain rate, p is the mean normal stress, η is the shear viscosity, and z is the 

bulk viscosity.  Note that 
•

kk
ε  is the volumetric strain rate.  We assume here that the bulk 

viscosity, z is zero. 

 
The mean normal stress, p, is usually considered to increase with increasing ice 

compactness, A (area of ice/total area).  We use a formula that relates the pressure, p to ice 
coverage (or aerial concentration) as 
 

( ))1(exp
2* AChPp ice −−=             (5) 

where P* is a reference ice strength, and C is a constant. 

 

The Mohr-Coulomb criterion is introduced by giving the shear viscosity, η, the following 

value 

∆
= φη sinp

         (6) 

where f  is the angle of internal friction.  The strain rate ∆ is given by 
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where 
•

1ε  and  
•

2ε are the principal strain rates and 
•

0ε  is a threshold strain rate.  For 

relatively large strain rates, ∆> 
•

0ε , the rheology is plastic and the yield criterion is 

satisfied.  At small rates of deformation, however, the shear viscosity becomes constant, 
and the corresponding rheology would be viscous.  A very small threshold strain rate 

(typically 
•

0ε = 10-20 s-1) is used in order to maintain a predominantly plastic deformation. 

A tension cut-off value is further introduced in the model.  If a tensile stress develops, the 

viscosity coefficient, η, is adjusted such that the maximum principal stress is set equal to 

zero. 
 
The preceding set of equations, together with PIC advection, is sufficient to determine the 

stresses, velocities, and configuration of the ice cover through its interaction with a 
structure.  Starting from an initial configuration, the numerical solution of the above 

governing equations updates the velocities, pressures, thicknesses, and concentrations at 
each time step.  The main logic of the solution consists of the following steps: 
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• Advect the particles to new positions. 

• Determine the thickness and concentration values by interpolating the area and volume 
of the particles to the scalar grid. 

• Correct the thickness and concentration values by adjusting concentrations higher than 
unity.  Next, correct the area and thickness of each particle. 

• Calculate the pressures on the scalar grid using Eq.(5). 

• Solve the momentum equations Eq.(1).  This is the major part of the solution. 

• Determine particle velocities by interpolating values from the velocity grid. 
 

Details of the numerical solution method are too lengthy to be given here.  For more detail, 
the reader is referred to Sayed and Carrieres (1999). 

 

TEST CASES 

Primary cases 

Four primary cases were examined.  These consisted of: 

• Case 1:An ice sheet interacting with a gently-sloped beach (1:14 or 4°); 

• Case 2:An ice sheet interacting with a moderately-sloped beach (1:7 or 8°); 

• Case 3:An ice sheet interacting with a 1:3 (18°) sloped breakwater section; and  

• Case 4:An ice sheet interacting with a headland formation (1:2 or 27°).      

 
The test grid had node intervals of 0.5m in both the X and Y directions.  The total number 
of nodes was 300 in the X-direction, and 100 in the Y-direction; hence, the grid was 150m 

by 50m (Figure 1).  Boundary conditions must include values of the velocities at a few 
specified nodes.  In these cases, the velocity was set to zero at the top of each shoreline.  

This condition prevents ride-up past the top.  Note, however, that a pileup may form and 
ground on the slopes without reaching the top.  Line “a” in Figure 1 marks the location of 
the cross-section that is used to compare ice pile-up heights, while the black rectangle 

represents the section of the breakwater that is above the waterline in Case 3.  The time step 
for each case was set at one second.  These four cases were run for a minimum of 4000s, 

which is approximately equal to one kilometre of ice moving towards the shoreline.  The 
driving force used for these simulations represented a shear stress of approximately 
45N/m2.  This value is typically representative of stresses observed at ice jam formations  

(Beltaos, 1995).  The shear stress was applied by adjusting the value of the water drag 
coefficient.  It should be noted that the driving force may be applied by different methods, 
such as using a constant ice velocity upstream of the study area (Sayed et al. 2000).   

 
The following parameters and ice properties were used for all four runs: 

• Ice thickness: 0.3m 

• Angle of internal friction: 30° 

• Average ice speed: 0.25m/s 

• Incoming ice direction: 270° 
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• Total breakwater height: 8m 

• Water depth: 6m 

• Breakwater height above water line: 2m 

• Width along top of breakwater, from edge of grid: 1m (Case 4 varies from this, with a 

width of 2m and the addition of a semi-circular headland, centred vertically on the grid 
with a top radius of 4m.  See Figure 2.) 

 

 

Figure 1 Schematic of the test area 

 

 

Figure 2 Case 4, headland layout 

 
Figures 3 through 6 show the resulting ice pile-ups heights for these four cases.  The axis 
scales are kept the same for each plot for ease of comparison.  Each plot shows the ice pile-

up that occurred after 1000s, 2000s, 3000s and 4000s.  With an ice speed of 0.25m/s, this 
could represent ice “fetches” of 250m per 1000s, or a total of 1km of incoming ice.   
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The value of zero on the vertical axis represents water level.  For floating ice, the keel 

depth to sail height ratio is considered to be 9:1 (in order to maintain neutral buoyancy).  
The keel depth, however, became limited by water depth in shallow areas. 

Case 1
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Figure 3 Cross-section of Case 1 
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Case 2
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Figure 4 Cross-section of Case 2 

Case 3
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Figure 5 Cross-section of Case 3 
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Case 4

-6

-4

-2

0

2

4

6

8

10

0 5 10 15 20 25 30 35

Horizonal distance (m)

S
a
il
 H

e
ig

h
t 

a
n

d
 K

e
e
l 
D

e
p

th
 (

m
)

time = 1000s time = 2000s time = 3000s time = 4000s

Slope 1:2

 

Figure 6 Cross-section of Case 4 

The pile-up heights after 4000s for each of the four cases were approximately 1.7m, 3.2m, 

5.8m and 6.0m, respectively.  It can be seen that in these simulations, the ice pile-up 
heights were greatest for the steeper slopes.  It was observed that for the shallower slopes, 
the ice had a tendency to “back-up” away from the toe of the breakwater, rather than 

developing any significant increase in height.  This may be a result of higher friction due to 
greater grounding resistance on the relatively long horizontal extent of the pile-up over the 

gentler slopes.   
 
Additionally, Case 3 was run until a steady-state condition existed.  In that case, pile-up 

height reached a maximum value (Figure 7).  Further encroachment of the floating ice sheet 
merely increased the horizontal extent of the pile-up.  This took approximately 12000s (200 

minutes), and simulated an extreme case of approximately 3km of ice flowing towards the 
breakwater.  The maximum height reached by the ice was 8.5m, while the grounded ice 
grew horizontally over 20m from the toe of the breakwater.  The maximum force acting in 

the x-direction at the end of this case was 3.4kN/m.   
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Figure 7 Ice pile-up for Case 3, leading towards a steady-state condition 

 

The above results are in general agreement with full-scale data found in the literature.  For 
example, Danish observations collected in the Sound linking the Baltic and North Seas 

found ice pile-up heights exceeding 8m, with an ice thickness of approximately 0.3m 
(Bruun and Johannesson, 1971).  In the “Great Belt” crossing region, also around Denmark, 
a similar observation was noted, with an ice thickness of 0.35m and pile-up height of 8m 

(DHI, 1974).  In the Beaufort Sea, Kovacs (1983; 1984) observed pile-up heights ranging 
from 3m to 10.5m for ice thicknesses of 0.25m to 0.5m.  Along the northeastern shore of 

Lake Simcoe, Ontario, Tsang (1974) reported an ice pile-up height of 9m where the ice 
thickness was about 0.2m.  Calculations by Christensen (1994) gave similar results.  It can 
be seen that the numerical model used here does predict these types of observations.  We 

note, though, that field observations usually consist of estimates of pile-up dimensions, 
shoreline slope, and the oncoming ice thickness.  It is difficult to obtain specific 

measurements of the associated environmental forces, variations in ice cover thickness and 
properties, or geometry of the area under study (e.g. bathymetry, shoreline geometry, and 
relevant boundaries).  Therefore, we can only use plausible values for the missing 

information in such observations. 
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As the ice interacted with the shore, the rubble thickness would increase and often it would 

“ground” on parts of the shore or seabed.  These regions where grounding occurred are 
shown in Figures 8 through 11 for the four cases.  These “grounding plots” represent the 

grounding that had occurred after 4000s.  The initial ice placement of the particles was not 
perfectly symmetrical, which can be observed in these grounding plots.  No attempt was 
made to start with symmetrically placed particles since the asymmetry appeared to 

represent an ice sheet more realistically than a uniform cover would in these cases.   
 

Figure 7 Grounding for Case 1   Figure 8 Grounding for Case 2 

 

Figure 9 Grounding for Case 3   Figure 10 Grounding for Case 4 

Pressure data was obtained for each case.  As an example of this, the resulting pressure 
distribution for Case 4 is plotted Figure 11.   

 

 

Figure 11 Distribution of the normal stress in the x-direction for Case 4 
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Parametric study 

Additionally, a small test matrix was designed to examine the influence of ice properties 

and other parameters on ice pile-up height and grounding.  The matrix consisted of four 
program runs that were built upon the 1:3 breakwater case previously mentioned.  Details 
of the variations in the program runs may be seen in Table 1.  Chosen values for the given 

parameters were based upon conditions that are typical of those observed in the literature 
(e.g. Tseng, 1974; Kovacs, 1983 and 1984; Christensen, 1994).  The results of these four 

cases after 1000s of ice interaction, as well as those from Case 3 (also after 1000s,) for 
comparison as a “base case”, are also shown in this table. 
 

Table 1 Parametric study details 

Case 
Ice 

Thickness 
(m) 

Shear Stress 

(N/m²) 

Breakwater 

Slope 
(vertical: 

horizontal) 

f  (°) 

Angle of 

oncoming 
ice (°) 

Ice Pile-up 

Height (m) 

3 0.3 45 1:3 30 270 2.6 

5 0.6 45 1:3 30 270 2.9 

6 0.3 185 1:3 30 270 4.3 

7 0.3 45 1:3 45 270 2.2 

8 0.3 45 1:3 30 225 1.9 

 

The pile-up heights, while taken after only 250m of ice had interacted with the breakwater, 
show expected trends.  As expected, increasing either the oncoming ice thickness or the 

shear stress increased the pile-up height, the latter increasing the pile-up height 1.5 times as 
high as the base case.  Increasing the internal angle of friction slightly decreased the pile-up 
height, and changing the angle of the advancing ice had the same effect.  This is intuitively 

expected because stronger ice will tend to undergo less deformation and thus produce 
smaller pile-ups, and changing the angle of the advancing ice (from perpendicular to the 

breakwater) also reduced pile-up height.  Again, these results are in keeping with field 
observations, such as those observed in Kovacs (1983; 1984). 

CONCLUSIONS 

This paper presents an overview and the results of a generic study of ice pile-up along 
shorelines.  Numerical simulations of ice pile-up on shorelines were conducted.  The 

numerical model is based on a PIC approach for advecting the ice cover.  A depth-averaged 
approach is employed, where stresses and velocities are averaged over the thickness of the 
ice cover (or ice pile-up).  Rheology is represented by a cohesionless Mohr-Coulomb 

plastic yield criterion.  That model was originally developed to deal with ice forecasting 
and ice-structure interaction problems.  The main modification carried out in the present 

work is adding grounding forces. 
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The numerical results produced the essential features observed in ice pile-up development.  
For example, when a sufficient length of the ice cover impinges on a shoreline, the pile-up 

height reaches a maximum value then grows horizontally upstream.  Larger pile-ups were 
found to form on steep slopes.  For gentler slopes, pile-up heights were lower.  The latter 
result may be attributed to grounding resistance, which acts over relatively long lengths of 

the gentler slopes.  The larger grounding resistance reduces the force, which produces the 
pile-up, thereby resulting in smaller pile-up heights.  

 
A parametric study was carried out in order to examine the role of several parameters.  
Increasing ice strength (i.e. angle of internal friction) reduced pile-up heights.  Increasing 

ice thickness or the driving force was found to increase pile-up heights.  The incidence 
angle of ice movement against the shoreline was also examined.  Changing the direction 

from perpendicular to the shoreline reduced pile-up heights.  The numerical results were 
also in general agreement with published field observations.  
 

The present numerical simulations proved capable of quantifying the impact of various 
variables on the resulting ice pile-up behaviour. Such a numerical approach can greatly 

reduce uncertainties that have been encountered in the design of coastal structures that are 
subjected to ice encroachment. Further, these models can help to identify potential 
problems of ice interacting with coastal structures.  These models can aid researchers 

during investigations of ice-structure interaction scenarios by helping to “narrow down” 
critical situations, which can then cut-down the amount of physical modelling needed, 

saving costs and time. This type of numerical model can be a powerful tool for future 
coastal engineering design. 
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