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Abstract. Associative neural networks are regaining the popularity due to their
recent successful application to the problem of real-time memorization and recognition in video. This paper presents a comparative overview of several most popular models of these networks, such as those learnt by the Projective Learning
rules and having Sparse architecture, and introduces an Open Source Associative
Neural Network Library which allows one to implement these models.
Keywords: Associative memory, projection learning, sparse neural network, pseudoinverse rule.

1 Introduction
The Associative Neural Network (AsNN) is a dynamical nonlinear system capable of
processing information via the evolution of its state in high dimensional state-space. It
evolved from the network of simple interconnected nonlinear elements, introduced by
Hebb in 1949 as formal neurons, and received most research attention after the work of
Amari [2] in 1972 and Hopfield [21] in 1982, which showed that this network possesses
associative properties.
Having many parallels with biological memory, often considered as an alternative
to von-Neumann processing, AsNNs offer a number of advantages over other neural
network models. They provide distributed storage of information, within which every
neuron stores fragments of information needed to retrieve any stored data record. The
failure of several neurons does not lead to the failure of the entire network. Like most
artificial neural networks, AsNNs are characterized by the parallel way of operation,
which enables efficient hardware implementation [20]. At the same time, unlike many
other neural paradigms (Feed-forward, RBF networks, Kohonen’s SOM, etc.) AsNNs
can be trained using non-iterative learning rules, which results in fast training of these
networks. Among non-iterative learning rules, Projection Learning rules are known to
be the most efficient, on the basis of their high capacity and best error-correction rates
[31,23,17,30].
⋆
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Besides being fast and deterministic, non-iterative training has another advantage.
It allows one to incrementally learn new patterns as well as to delete the ones already
stored in memory [28,24]. The computational complexity of adding/erasing few images
to/from memory is considerably lower than that of the complete network retraining with
the modified dataset.
These properties of AsNNs make them very suitable for a variety of applications.
Having high generalization and error-correction capabilities, it can be used as an efficient noise-removing filter or error-tolerant associative memory. Associative lookup
is used for DB operations [6,8]. The energy minimization property allows solving of
combinatory [26] and nonlinear [35,22] optimization problems (with particular application to computer networking [1,37]). The generalization abilities of AsNNs are used
in many classification tasks, such as image segmentation [7] and chemical substances
recognition [33]. Finally, AsNNs have been found recently very useful for video-based
recognition, where they are used to associate visual stimuli to a person’s name, with
both memorization and recognition done in real-time [19].
When designing an associative network one has to consider the following factors
contributing to the network performance:
1. Error correction capability, which shows how much noise can be tolerated by the
network;
2. Capacity, which show how many patterns can be stored, given a certain errorcorrection rate;
3. Training complexity, which describes the amount of computations needed to memorize a pattern;
4. Memory requirements, which defines the amount of computer memory required to
operate the network, which is usually a function of synaptic weights used in storing
the patterns by the network; and
5. Execution time, which shows how many computations are needed in pattern retrieval.
While some of these factors are determined by the training procedure applied to the network, the others depend on the network architecture. Recently, it has been shown [9,12]
that Sparsely connected models of Associative Neural Networks (SAsNN), which use
only a subset of all possible inter-neuron connections, can significantly reduce the computational and memory cost of the network, while not deteriorating much its associative
quality.
This paper summarizes the state of the art in the area (Section 2) and presents a comparative performance analysis among several most popular models of SAsNNs (Section
3). It then introduces an Open Source library developed by authors, which is made
publicly available to enable other researchers to develop their own models AsNNs of
different configurations and architectures (Section 4).

2 Attractor-based neural network model
A general model of a sparse associative network consists of N binary discrete-time
neurons connecting each other according to the following connectivity rule. The output
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of neuron j is connected to one of the inputs of neuron i if and only if
j ∈ {Ni }

(1)

where {Ni } ∈ {1, ..., N } is a subset of unique indices. The network architecture is
defined by the connectivity pattern – a set of all existing inter-neuron connections:
{Ni }, i = 1, ..., N.

(2)

The connectivity pattern is characterized by the density of connections (connectivity
degree):
N
.
X
|Ni | N 2
(3)
ρ=
i=1

PN

and the total connection length: l = i,j=1 distT (i, j), where distT (i, j) is a distance
function which depends on the chosen network topology. For 1-dimensional neuron
allocation total connection length can be calculated as
l=

|Ni |
N X
X

|i − Ni [j]|

(4)

i=1 j=1

The input, or the postsynaptic potential, of the i-th neuron, is calculated as a weighted
sum of the network outputs:
X

(1 − δij (1 − D) Wij Yj
(5)
Si =
j∈Ni

where W is a N ×N synaptic matrix of inter-neuron connections and D is the desaturation coefficient specifying the degree of the neuron self-connections reduction [15,18].
Recognition of a pattern is performed as a result of network evolution governed by
the following update rule. The output, or the potential, of the i-th neuron at the next
time step is obtained after applying the sign function to the neuron input at the current
time step:

Yi (t + 1) = sign Si (t) .
(6)
Neuron states can be updated synchronously (all at time) or asynchronously (one at
time). This paper considers the synchronous update mode only, which favors parallel
processing in hardware implementation and yields better associative properties.
The energy functions of the network, of which two are defined [21,16]:
EH (t) = Y (t)S(t + 1)

(7)

ER (t) = Y (t)S(t)

(8)

guarantee that, as a result of the evolution, the network converges to a stable state, called
attractor, which satisfies the stability condition:
Y (t∗ ) = Y (t) = Y (t + 1),

(9)

where Y and S are the vectors made of is neuron inputs and outputs. It is these attractors
that represent the memory content of the network.
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Network dynamics, Stability Condition and Attraction Radius
Unlike asynchronous associative networks with symmetric weights, which are guaranteed to reach a single-state attractor, proved by the fact that the network energy function
defined by Eq.7 is monotonically decreasing [21], the synchronous associative networks
with symmetric weight matrix may converge to a two-state dynamic attractor, in which
the network oscillates between two states. This can be shown by using the network energy function defined by Eq.8, for which the equality ER (t) = ER (t + 2) always holds
[16].
In a general case when the weight matrix is not symmetrical, the network may have
cycles with length of order of 2n [4]. However, as shown in the simulation section of
this paper (Section 3.3), for most non-symmetrical weight matrices one may usually
expect cycles with much shorter periods.
In order to detect cycles and to make recognition fast, the update flow technique [16]
is used. Instead of storing and processing all neurons of the network according to Eq.6,
this biologically justified technique keeps the indices and signs of those neurons only
that have changed since the last iteration. Since the number of such neurons drops down
drastically as the network evolves, the number of requires multiplications becomes very
small.
The final recognition performance of the network (also referred to as the associative
strength of the network) is judged by the amount of noise the network removes as a
result of its convergence to an attractor (either static or dynamic). As can be seen, it
depends entirely on the synaptic weights of the network, namely the two factors: 1) the
way synapses connect the neurons (i.e. network architecture) and 2) the way they are
computed (i.e. the learning rule). Most common methods used for these two factors are
described below.
2.1

Network architectures

Associative networks can be designed using one of the following architectures.
Fully-connected architecture. This architecture, often referred to as Hopfield-like, is
studied the best in literature. It provides a fast close-form solution for the network training and allows one to store (with non-zero error-correction) up to for M = 70%N
prototypes in the case of the limited size data, and up to M = 20%N prototypes
when storing data from a continuous stream. Real-time nature of learning for this architecture made it very suitable for such tasks as on-line memorization of objects in
video[19,14]. This architecture however requires significant amount of space to store
the network weights. In particular, the amount of memory used by the network of N
neurons is N (N + 1)/2 ∗ bytes per weight. This makes, for example, the network of
size N = 1739 used in [19,14] occupy 3.5Mb on memory.
Random architecture. This architecture uses only a certain fraction of randomly located synaptic connections. It is easy to construct and is shown to offer a good performance for the network. It however involves many long-range interactions, which could
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be a problem for hardware implementation.
Local or cellular architecture. In this architecture, only the neurons satisfying the
neighborhood relation (usually the location proximity) are connected. It is ideal for
hardware implementation, but results in significant deterioration of associative performance, due to slow propagation of information and due to a tendency to form localized
groups of neurons aligned with more then one pattern [29]
Small-World architecture. It is a combination of local and random architectures [38,3,9]
and consists mostly of local connections with a few added long-range ones. It is good
for hardware implementation and is found to perform almost as good as the random
architecture. Many real-world networks fall into this category.
In Scale-Free architecture, each neuron has power-low distribution of number of connections, that is most of the neurons would have few random connections, but some of
neurons would act as “highly connected hubs” being connected to many other neurons
[27]. It’s associative performance is very close to that of the random architecture.
Adaptive architecture. This, the most advanced, architecture is constructed according
to the dataset to be stored. It offers the best associative properties (with the highest
capacity per synapse) among all sparse architecture models [11].
2.2

Learning algorithms

During the learning stage, the AsNN is designed in such a way, that every pattern from
the dataset
{V m }m=1,...,M , V m ∈ {−1, +1}N
(10)
to be memorized becomes an attractor the network, defined by the stability condition of
Eq. 9.
Let the network architecture Eq.2 and the training dataset to be stored Eq.10 be
given. The Learning Rule (LR) is a way of finding the weight matrix W such that
satisfies the connectivity constraints and makes each training data vector an attractor
state with a sufficiently large radius of attraction.
Projective LR The Projective LR [25,31] is usually used for training fully-connected
AsNNs. It results in the weight matrix being equal to the projective matrix for the subspace spanned on the training vectors V m :


W = proj {V m }m=1,...,M = VV+ ,
(11)
where V is a matrix made of prototype vectors as its columns.
This non-iterative LR can be implemented either by using Gram-Schmidt orthogonalization, or by using the Pseudo-Inverse operation, which allows one to computed it
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incrementally:
Wij0 = 0
Wijm
dWijm

=

Wijm−1

+

(12)
dWijm

.
= (Vim − Sim )(Vjm − Sjm ) ||V m − WV m ||2

(13)
(14)

Having the fully-connected AsNN trained for a particular dataset, the sparse network is obtained by simply pruning the weight matrix in accordance with the connectivity constraints (Eq. 2).
Hebbian LR The use of Hebbian learning principle for Sparse AsNN was proposed in
[13]. It is often called the Local Projection LR and is computed as follows.
For some threshold value T > 0 and initial W = 0 repeat:
1. For next training vector V m , the postsynaptic potential S m is calculated;
2. Weight coefficients of every i-th neuron with Sim Vim < T are updated:
j ∈ Ni : Wij = Wij +

Vim Vjm
.
Ni

(15)

3. Until Sim Vim > T for all neurons and all data vectors, or a certain number of steps
is executed.
Delta LR Iterative Delta LR is an adaptation of the Widrow-Hoff Delta learning rule
[39] which is used for perceptron-like models. It searches for W as a solution of (10)
using the first order gradient-descent optimization:
W = argW min E(W ) = argW k min W V − V k2 .

(16)

For some learning rate value α > 0, the desired error value ǫ > 0 and initial W = 0
repeat:
1. For next training vector V m , the postsynaptic potential S m is calculated;
2. Weight coefficients of each i-th neuron are updated:
j ∈ Ni : Wij = Wij + α(Sim − Vim )Vjm .

(17)

3. Until E(W ) < ǫ, or a certain number of steps is executed.
It can be proved that the weight matrix calculated using the Delta LR with zero
initialization converges to the weight matrix obtained by the Pseudo-Inverse LR.
Pseudo-Inverse LR Non-iterative Pseudo-Inverse LR was originally proposed for the
calculation of symmetrical weight matrices in Cellular AsNN [5]. Here we describe the
simplified version of this algorithm. This version produces a nonsymmetrical weight
matrix, which voids the condition for the guaranteed absolute stability of the network,
but yet results in better associative performance.
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To allow for structural contraints imposed by the sparse architecture, a selection
operator Φi that sparsifies the columns of a matrix is introduced:
Φi : (l × n) → (l × Ni ).

(18)

This operator retains only those columns of its matrix argument that correspond to
neuron indices contained in Ni .
Denoting the i-th row of the training data matrix as Vi , the weights of the i-th
neuron are calculated as a solution of the following “fixed point” equation:
Φi (W i ) · Φi (VT )T = Vi .

(19)

The solution to this equation can be found using the matrix pseudo-inversion operator:

+
Φi (W i ) = Vi · Φi (VT )T
(20)

3

Comparative performance analysis

To compare the associative performance of the networks trained with different architectures and learning algorithms, we provide experimental results obtained using random
data vectors with independent non-biased components Yl ∈ {−1, +1}. In the following simulations, the Attraction Radius (AR) of the network, defined as the maximal
Hemming distance from which the network is guaranteed to converge to a desired attractor, is measured for the networks trained with different learning rules and different
architectures.
3.1

Influence of learning rule

Figure 1a shows the error-correction rates, measured by the average Attraction Radius
of the network, as a function of the learning rule. The network of size N = 256 neurons
with cellular architecture defined by the following connectivity criterion is used:
j ∈ Ni ⇐⇒ (i − j + N ) mod N ≤ 2r

(21)

where r is the Connection Radius of the network with the value r = 12, which corresponds to the network with connectivity degree ρ = (2r + 1)n/n2 ≈ 0.1.
The threshold parameter for the Hebbian LR is set to T = 10, error value for Delta
LR ǫ = 0.0001. For each new data vector added to the memory, Attraction Radius is
estimated, as the maximum amount of noise which has been completely removed by
the network for every stored pattern during 100 test epochs.
Figure 1b shows the computational complexity of the training algorithms, which
is calculated as follows. For the iterative learning rules, it is taken equal to 2rnlm
where l is the number of training epochs and m is the number of patterns being stored
(epoch size). This estimation is based on 2r complexity of weights update of a single
neuron for a single pattern. For the Projective LR, the training complexity is taken as
the complexity of training the fully-connected network, which is n2 m. For the PseudoInverse LR, it equals 2rm2 n, where 2rm2 is the complexity of the solution of Eq. 20
for a single neuron.
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a)

b)

Fig. 1. Associative performance and training complexity as a function of learning rule.

3.2

Influence of network architecture

It is not only the training algorithm that determines the associative properties of the
network, but also the number and the location of the synaptic connections.
The empirical study from [36] shows that trained fully connected Hopfield network still performs well even after the removal of 80% of neuron connections that have
the least absolute values. The location of the remaining connections becomes of great
importance for the associative properties of the network and reflects the hidden interrelationships of stored data. This selection rule can be used to set the architecture of the
sparse network for further training.
Work [11] studies the sparse AsNN learnt with Pseudo-Inverse LR , the architecture
of which is set according to above decribed weight selection rule and shows that the performance of the networks with such an adaptive architecture is superior to the networks
with other types of connectivity. This is further illustrated in Figure 2, which shows the
attraction radius as a function of the connectivity degree for the several sparse associative networks: with Adaptive (PI WS), random, cellular (Eq.21) and anti-Adaptive
(PI WS Reverse) architectures. The last one is based on the least absolute values computed with the fully connected Hopfield network. Attraction radius for the network of
N = 200 neurons which stores M = 20 patterns is computed.
It can be seen that the network with adaptive architecture approaches the associative
performance of its fully-connected counterpart using less than 20% of available connections. It can also be noticed that the performance of the network changes drastically, in
phase transition manner: from no associative recall at all to a very good associative
recall, when only a few extra neurons are added. As shown in [12], the network connectivity degree at which such a phase transition happens depends linearly on normalized
memory loading.
The idea of Adaptive Architecture selection can also be used to implement the efficient rewiring of the networks with Small-World connectivity architecture [10], where
the architecture aims to minimize the total connection length of Eq. 4.
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Fig. 2. Associative performance of the network as a function of the network architecture.

3.3

Influence of non-symmetrical weights on network convergence

Omitting the symmetrization procedure of the weight matrix when learning the network
with in the Pseudo-Inverse LR yields better associative performance, but no longer guarantees the absolute stability of the network. It appears however that the network remains
stable with initial states set within the basins of attraction. To see how the convergence
goes if the initial states are distributed allover the state space, we run the following
experiment (see Figure 3). Two 1D cellular networks with N = 256 neurons and connection radius r = 12 has been trained to store two identical sets of m = 6 randomly
generated patterns. Then 1000000 convergence processes have been executed for every
network starting from random initial conditions. Network with nonsymmetrical matrix
was falling into dynamic attractors more often, yet the probability of the longest cycle
(of length 4) was vanishingly small (0.0003)

4

Library

The associative neural network models described in this paper are implemented as an
Open Source Associative Neural Network Library (AsNNLib), written in C++, the description of which follows.
4.1

Classes

The relationship between the main library classes is shown in Figure 4. Solid lines mark
the inheritance and dashed ones mark the “uses” relationship.
The base class of all associative networks is AssociativeUnit. It defines the
interface of two main functions train and recall to store and retrieve data pairs
{X, Y } (stored in IOData class) in hetero-associative memory fashion.
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Fig. 3. Number of cycles of different length reached during the convergence.

The derived class AssociativeNet is the base class for autoassociative neural
networks. The most important function of this class is converge function which implements the dynamical behavior of the network, i.e. the convergence process used to retrieve data from the memory. Extended version of this function extendedConverge
is used to analyze the behavior of the convergence process itself, as it keeps track of all
points visited by the network during its evolution in the state-space and signalizes if a
cycle occurs.
The memory desaturation technique (Eq.5) is implemented in the same class by
using the desatCoeff parameter. For sparse neural networks with rapidly growing
diagonal elements the near-optimal value of desaturation coefficient can be set by calling adjustDesaturationCoefficient
D = 0.15

M
.
trace(W )

(22)

Usually only few neurons change their state between two consecutive convergence
steps. Therefore the new postsynaptic potentials can be calculated incrementally by
updating only those of them that have changed since the last iteration This incremental procedure, called Update Flow Technique [18], increases significantly the speed
of convergence process, compared to the direct calculation of the postsynaptic potential by Eq.5. The interface for optimized postsynapse calculation is specified by
processBinary function.
Two classes FullNet and SparseNet are derived from AssociativeNet and
provide the weights storage for fully connected and sparse network models. Both classes
implement the processBinary function which supports the memory desaturation
technique. Weights in SparseNet are stored in two arrays: as array of weight values
and as array of weight indices. Network architecture can be set to 1D local (Eq.16), 2D
local, random by calling one of set*Architecture functions.
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Classes derived from FullNet or SparseNet implement the learning algorithms.
Fully-connected AsNN with projective LR is implemented by FullProjectiveNet
class. Its sparse analogue with the same LR is implemented by the class SparseProjectiveNet.
Classes HebbianSparseNet and DeltaSparseNet correspond to sparse networks
with iterative Hebbian and Delta iterative LRs. Non-iterative Pseudo-Inverse LR is implemented by PseudoInverseNet class with an extra erase operation that enables
incremental deletion of patterns from the memory. Two classes, AdaptiveSparseNet
and SmallWorldNet are derived from PseudoInverseNet and provide the functionality for the construction on networks with more efficient architectures that can exploit
the correlations in the stored data.
ModularNet represents the associative memory model that uses a set of AsNN
(modules) organized in a growing tree structure. It has the ability to store amounts of
data exceeding by far its dimension, thus overcoming the memory limitation of a single
AsNN [32]. Any AsNN class can be used as the building block of ModularNet.

Fig. 4. Hierarchy of main classes in Open Source Associative Neural Network Library.

4.2

Testing functions

The main testing functions getRAttraction and getNormalizedRAttraction are
used to estimate absolute (Eq.8) and normalized Attraction Radius [23] of the network.
Network capacity, equal to the maximum number of vectors that can be stored in network subject to certain value of Attraction Radius, is calculated by getCapacity function. Testing function can be applied to any subclass of AssociativeUnit.
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Fig. 5. The structure of Associative Modular Classifier.

4.3

Associative Classifier

Though the classification task represents a heteroassociative mapping, it can also be
solved using the autoassociative AsNNs. The AsNNLib library implements two of the
possible approaches - Associative Modular Classifier and Convergence-Based Classifier. Associative Modular Classifier consists of modules represented by AsNNs. The
number of modules is equal to the number of classes with every module storing the
instances of the particular class (Figure 5). To classify input vector X, the difference
coefficient is calculated for every module
diff =

kWi X − Xk2
kXk2

(23)

and the class decision is made according to the module with the smallest value of this
coefficient.
The idea is to store both the input features and the class label as a single state-vector.
At the classification stage, the part of the AsNN input corresponding to input features
is set, while the other part, representing class label, remains unspecified (or set to some
random values). The missing class information is then restored during the convergence
process due to the pattern-completion capabilities of the AsNN. This functionality is
implemented by the AssociativeClassifier class.
Using the AsNN as a hereroassociative classifier was found very useful for real-time
applications, the example of which is face memorization/recognition from video done
in [19], where the name of the person in video is recovered as a result of the network
evolution from the state defined by the visual stimulus presented to the network. Another application that requires fast on-board training is portable gas analyzing devices
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(“Electronic Nose” tools). Associative Modular Classifier has been shown to be a fast
odor classifier offering good results comparing to other neural models [34].

5 Conclusion
This paper provided a motivation and the necessary background needed for implementing associative neural networks of different architectures. It has also presented experimental results comparing the performance of different sparse associative neural networks and introduced the High Performance Associative Neural Network library which
allows one to implement these networks.
This library is made publicly available at http://synapse.vit.iit.nrc/memory/pinn,
mirrored at http://perceptual-vision.com/memory/pinn. Its development was motivated
by several factors, the most important of which are the associative properties of these
networks which make them very suitable for many applications. Recent results in applying these networks to one of the most challenging computer vision tasks — real-time
memorization and recognition of faces from video, is a clear demonstration of this.
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