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We study analytically the photoionization of a coherent superposition of atomic and molecular electronic
states by an ultrashort, attosecond x-ray pulse. We show that the broad photoelectron spectrum contains
detailed information about the time-dependent electron wave packet. The asymmetry of the photoelectron
momentum distribution measures the momentum asymmetry of the initial bound-state wave packet. We show
that molecular interference modulates the time-dependent photoelectron spectrum and asymmetry. The modulation also depends on the internuclear separation. The photoelectron spectrum and its asymmetry monitors
coherent electron motion and in principle electron transfer on the attosecond time scale.
DOI: 10.1103/PhysRevA.72.051401

PACS number共s兲: 33.80.Wz, 42.50.Hz

Photoionization is a classic tool for investigating atomic
and molecular electronic structure. Recent advances in ultrashort laser-pulse technology enables experimentalists to
synthesize and characterize ultrashort pulses in the attosecond time regime 关1–5兴. We show how these attosecond
pulses can be used to measure attosecond bound-state electron dynamics.
Our method is based on broad bandwidth photoionization.
Single-photon ionization from a stationary state produces
photoelectrons that contain information on the optical pulse
and the phase and structure 共through the transition moment兲
of the initial state. If the state is known, measurement of the
photoelectron spectra produced in the presence of a phased
infrared field fully characterizes the attosecond pulse 共see
references in review 关4兴 and more recent papers 关6–8兴兲; if, on
the other hand, the attosecond pulse is known, measurement
of photoelectron spectra produced from two or more coherently excited states determines all information on the associated bound-state wave packet.
We show that dynamic information is retained in the integrated momentum asymmetry of the photoelectrons. Specifically, if the molecule is aligned, wave-packet dynamics is
revealed in the average photoelectron momentum along only
one axis even with a broad angular window. This means that
attosecond electron wave packets are observable in pumpprobe experiments in which only a relatively small number
of photoelectrons are needed for each delay.
Photoionization asymmetry 关9,10兴 has already been used
to measure the carrier envelope phase of intense few-cycle
laser pulses 关11兴. Photoionization is also related to a proposal
to measure bound-state electron dynamics during the attosecond generation process itself 关12兴. Attosecond single-photon
ionization has three advantages over strong-field techniques.
Specifically, we can: 共i兲 measure a bound electron state that
is not perturbed by a strong laser field, 共ii兲 correlate photoelectrons to ion fragments so that we can specify the molecular internal states and alignment direction, and 共iii兲 precisely
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take into account the Coulomb potential in the molecular
continuum.
We adapt a scheme used to study attosecond localization
of an electron in a diatomic molecule 关13兴 and to prepare a
coherent superposition of molecular bound states. We show
that asymmetric ionization can measure attosecond electron
bound-state dynamics.
As theoretically tractable example that capture the essence of our approach, we consider the hydrogen atom with
a coherent superposition of 1s 共atomic state 兩1典兲 and 2p0
共atomic state 兩2典兲 bound states, and a H+2 molecular ion with
a coherent superposition of two electronic states, g1s 共molecular state 兩1典兲 and u2p0 共molecular state 兩2典兲. We assume
that the H+2 molecular ion is aligned. Alignment can be effectively achieved experimentally for unstable molecules
since, following ionization, the molecular fragments determine the alignment with high accuracy 关14–16兴. In our threedimensional model, the molecular ion and electric field of
the attosecond pulse are aligned along the z axis in Cartesian
space.
We use a pump pulse with a slowly varying envelope and
共2兲
共1,2兲
are the ionthe resonant frequency ⌬I p = I共1兲
p − I p , where I p
ization potentials of the states 兩1典 and 兩2典 共unless stated otherwise, we use atomic units e = me = ប = 1兲. The pulse prepares
a coherent superposition of two bound states,
⌿i共r,t兲 = ␣1⌿1共r,t兲 + ␣2 exp共i兲⌿2共r,t兲,

共1兲

2
are their populations 共␣21 + ␣22 = 1兲 and  is an
where ␣1,2
adjustable phase that depends on the excitation scheme. In
the general molecular case, the excitation by the pump pulse
generates a nuclear wave-packet on the repulsive state potential. The electron wave-packet time scale is given by the
level separation 共⬃300 asec兲. The relative nuclear motion is
given by the relative slopes of the curves involved
共⬃100 fs兲. These time scales remain well separated so the
nuclei are considered fixed.
Each bound state of the H+2 ion is a molecular orbital that
we approximate as a linear combination of atomic orbitals
at共r兲,
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 = N p关exp共ip · R/2兲⌽共− R兲 + exp共− ip · R/2兲⌽共R兲兴.
共3兲
N p = exp共 / 2p兲⌫共1 + i / p兲 is the normalization factor and
⌽共R兲 is the hypergeometric function, ⌽共R兲 = F(i / p ; 1 ; i共pR
+ p · R兲). In the plane-wave approximation the factor  becomes  pw = 2 cos共p · R / 2兲.
The atomic and molecular attosecond photoionization amplitudes for the coherently coupled state 共1兲 are given by
M coh = M 0关␥1M 共1兲 + ␥2 exp关− i␦共t0兲兴M 共2兲兴,

共4兲

where ␥k = ␣k exp共−2k 2 / 2兲, k = p2 / 2 + I共k兲
p − ⍀x, k = 1 , 2, and
M 0 = A0共 / 2兲1/2 exp共i1t0兲. The triple differential momentum spectrum is
d3 Pcoh共p, , 兲 = 兩M coh兩2 p2dp d⍀e ,

FIG. 1. 共Color online兲 The molecular electron density in H+2 at
the internuclear separation R = 6 a.u. as a function of phase shift ␦
and coordinate z along the molecular axis in 共a兲 coordinate representation and 共b兲 its analog in momentum representation.
共1,2兲
共1,2兲
⌿1,2共r,t兲 = N1,2关共1,2兲
at 共r1兲 + at 共r2兲兴exp关iI p t兴.

共2兲

The vectors r1,2 = r ± R / 2, where R is directed from the
共1兲
nucleus 1 to the nucleus 2. In our case, at
共r兲 and 共2兲
at 共r兲 are
the hydrogenlike 1s and 2p0 wave functions with the variational Slater parameters a1 and a2 共see below兲 which are
different functions of the R.
Figure 1共a兲 shows the coherent molecular electron density
integrated over the cylindrical coordinate  as a function of
the coordinate z and time-dependent phase shift ␦共t兲 = ⌬I pt
− . ␦共t兲 parametrizes the electron motion via the difference
in ionization potentials ⌬I p, which depends on R. The corresponding electron density in the longitudinal momentum pz
is shown in Fig. 1共b兲. The position and momentum densities
are 90° out of phase because the momentum is the derivative
of the wave function. The internuclear separation in Fig. 1 is
R = 6 a.u. and the populations of the ground and excited
states are ␣21 = 0.1 and ␣22 = 0.9. One can observe the electron
“hop” from one nucleus to another with a period of T
= 2 / ⌬I p.
Now we consider single-photon photoionization induced
by a probe attosecond x-ray pulse with vector potential
Ax共t兲 = e共A0 / 2兲exp关−i⍀xt − 共t − t0兲2 / 22兴, where ⍀x is the
central frequency of the attosecond pulse and e, A0, and t0
are the linear polarization vector, amplitude, and peak of the
pulse, respectively. We calculate the photoionization amplitude using the final two-center Coulomb wave function introduced in 关17兴. For photoelectron momenta p Ⰷ 1 and
兩pR ± p · R兩 ⲏ 1, the direct molecular ionization transition am共1,2兲
plitudes are determined by atomic amplitudes, M mol
共1,2兲
= N1,2 M at , where the molecular interference factor

共5兲

where d⍀e = sin dd is the solid angle.
Equation 共5兲 describes the angle-resolved photoelectron
spectrum. For a known attosecond pulse it contains all spatial and temporal information about the wave packet. However, retrieving this information would be difficult with current attosecond sources. To make attosecond wave-packet
measurements experimentally feasible we introduce an
asymmetry parameter
⌬共p, , 兲 =

d3 P共p, , 兲 d3 P共p,  − , 兲
−
.
dp d⍀e
dp d⍀e

共6兲

Integrating the differential probability 共5兲 over momenta at 
and  determines the integrated probability P共 , 兲. This defines the normalized integrated asymmetry
A共, 兲 = A共−兲共, 兲/A共+兲共, 兲,

共7兲

where A共±兲共 , 兲 = P共 , 兲 ± P共 −  , 兲. The asymmetries 共6兲
and 共7兲 are independent of the azimuthal angle  since the
molecule is aligned along the z axis.
The dipole atomic photoionization amplitudes M 1s and
M 2p0 are given by
2 −1
M 1s = 2冑2a3/2
1 N pG1共e · p兲共p − i兲共 pD1兲 ,

共8兲

2
2
M 2p0 = − 4ia1/2
2 N pG2关共e · p兲 8a2共p − i兲共2p − i兲

+ pD2共i − 2pa2兲 − ip共1 + 2ipa2兲2兴共 p2D32兲−1 , 共9兲
where the functions Gk = exp关−共2 / p兲acot共1 / kpak兲兴 and Dk
= 1 + 共kpak兲2, k = 12. From Eq. 共4兲 we obtain
*
⌬at共p, 兲 = 2A20␣1␣2 p2 Re兵e−i␦共t0兲M 1s
M 2p0其,

共10兲

⌬mol共p, 兲 = N1N2兩兩2⌬at共p, 兲.

共11兲

The pulse-duration dependence of the asymmetry ⌬共p , 兲 is
described by the factor  = 2 exp关−共21 + 22兲2 / 2兴. In the
molecular case such a functional depends on R via 1,2 and
therefore exhibits maxima for certain  at specific R. We
further note that the asymmetry of the photoionization is
directly proportional to the product ␣1␣2, i.e., the square root
of populations. Therefore, it is relatively insensitive to the
populations ␣21 and ␣22. The asymmetries 共10兲 and 共11兲 de-
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FIG. 4. 共Color online兲 Atomic and molecular photoelectron
spectra at the phase shift ␦ = 17 and different internuclear distances.
The pulse duration, polar angle, and photon energy are FWHM
= 100 asec,  = 30° and ⍀x = 150 eV.

FIG. 2. 共Color online兲 The asymmetries in 共a兲 H atom and 共b兲
H+2 molecule 共for R = 6, 8, and 12 a.u.兲 as functions of the phase
shift ␦. The pulse duration is FWHM = 100 asec. The photon energy
and polar angle in Fig. 2共b兲 are ⍀x = 150 eV and  = 30°.

pend on the phase  关see Eq. 共1兲兴 which is measurable.
In the case of high x-ray frequency 共p Ⰷ 1兲 ⌬at共p , 兲 ⬃
−sin ␦共t0兲cos 共2 cos2  − a2兲 reflecting the 1s 共via the factor
cos 兲 and 2p0 关via the factor 共2 cos2  − a2兲兴 interfering
photoionization amplitudes.
Figure 2共a兲 shows the normalized momentum asymmetry
of the initial coherent state 共1s + 2p兲 in the H atom obtained
from 共1兲 by integrating over the momentum at fixed polar
angle  = 30°. It is compared to the photoelectron asymmetry
given in Eq. 共7兲 produced with FWHM = 100 asec x-ray pulses
with peak energies of ⍀x = 50 and 150 eV. Since the ionizing
pulse duration is shorter than the oscillation period of the
electron motion, the photoelectron spectra originated from
two states overlap and interfere, as shown in the inset of Fig.
3. This interference is the origin of the observed asymmetry
of the photoelectrons. Note that the two-level initial state can

FIG. 3. 共Color online兲 The atomic 共solid line兲 and molecular
共dashed line兲 asymmetries 共7兲 as functions of pulse duration FWHM.
The phase shift, polar angle, and photon energy are ␦ = 17,  = 30°,
and ⍀x = 150 eV.

be characterized by the dipole moment d共t兲 =
−2␣1␣2具1兩z兩2典cos ␦共t兲. Zeros and extrema in the momentum
asymmetry and in the time derivative of the dipole moment
ḋ共t兲 ⬃ sin ␦共t兲 coincide.
We also see in Fig. 2共a兲 that the initial momentum asymmetry is projected into the continuum by attosecond photoionization. Slight phase deviation in the oscillation of photoelectron asymmetry is due to the Coulomb potential. In the
remaining figures we illustrate results at the angle  = 30° and
x-ray photon energy 150 eV because it reproduces the initial
momentum distribution better than at 50 eV.
In Fig. 2共b兲 we compare molecular 共g1s + u2p0兲 and
atomic 共1s + 2p0兲 asymmetries. We show R and ␦ dependencies of the momentum asymmetry produced by attosecond
photoionization. The most striking aspect of the figure is that
the period and phase of the asymmetries depend only on ␦.
This is implicit in the Eq. 共11兲 used for the calculation. However, ␦ is R dependent through ⌬I p for molecules. Another R
dependence arises through the interference factor  关Eq. 共3兲兴.
It is responsible for the R dependence of the amplitude of
asymmetry. It can be shown that the positions of the maxima,
minima, and zeros in the asymmetry do not depend on the
attosecond pulse duration. If Fig. 2共b兲 was replotted for
FWHM = 250 asec, only the magnitude of the asymmetry 共but
not its sign兲 changes.
Figure 3 shows the normalized asymmetries for the
atomic and molecular 共for R = 6, 8, and 12 a.u.兲 cases as a
function of the duration  of the x-ray pulse. The R dependence of the molecular asymmetry arises from the interference of the two-center electron source influenced by the
Coulomb potential. This interference modulates the asymmetry 共Fig. 3兲, and spectrum 共Fig. 4兲. As the pulse duration
increases, the bandwidth of the photoelectrons emitted from
each state decreases until there is no spectral overlap 共see
inset兲. Interference is no longer possible. In other words, as
the pulse duration approaches T = 2 / ⌬I p, the period of the
oscillations 共Fig. 1兲, both the atomic and molecular momentum asymmetries disappear. An attosecond pulse can measure coherent electron oscillation or the oscillation can measure the duration of the attosecond pulse.
In Figs. 3 and 4 we chose the the time of the probe pulse
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to be ␦ = 17, because the asymmetries near this point reach
their maxima and the electron is maximally delocalized. This
introduces an R-dependence molecular interference to the
spectrum as seen in Fig. 4. Mathematically, the momentum
distribution of the atom is modulated by a molecular contribution through the factor . The inset in Fig. 4 shows 兩兩2 as
a function of the electron momentum for different internuclear distances. The positions of the minima in Fig. 4 and its
inset coincide. The maxima and minima arise from the photoelectron originating from the two-center potential and interfering in the Coulomb modified molecular continuum. The
atomic and molecular oscillation periods corresponding to
the spectra in Fig. 4 are Tat ⬇ 405 asec and Tmol ⬇ 298 asec at
R = 6.8 a.u.
In conclusion, attosecond pulses, because of their large
energy bandwidth and high frequency, project bound-state

electron wave packets into the continuum. There, the wave
packet can be fully characterized through its angle-resolved
photoelectron spectrum. In practice, current attosecond laser
sources are not intense enough and operate at a low repetition rate, making a full reconstruction impractical. However,
they are perfectly adequate to resolve attosecond dynamics
by measuring the changing momentum asymmetry of the
spectrum. This would allow attosecond electron dynamics
experiments that are analogous to vibrational dynamics experiments, which have been so influential in photochemistry
关18兴. As much higher repetition rate systems are developed
关19兴 full characterization of both the spatial and temporal
structures of electron wave packets will become possible.
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