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Abstract
The phase-field formulation for fracture propagation is widely adopted due to
its capability of naturally treating complex crack geometries. The challenges of
the phase-field crack simulation include the non-convexity of the underlying
energy functional and the expensive computational cost associated with the fine
mesh required to resolve the phase-field length-scale around the crack region.
We present a novel phase-field monolithic scheme based on the limited-memory
Broyden–Fletcher–Goldfarb–Shanno (BFGS) method, or the L-BFGS method,
to address the convergence difficulties usually encountered by a Newton-based
approach because of the non-convex energy functional. Comparing with the
conventional BFGS method, the L-BFGS monolithic scheme avoids to store the
fully dense Hessian approximation matrix. This feature is critical in the con-
text of finite element simulations. To alleviate the expensive computational
cost, we integrate the proposed L-BFGS monolithic scheme with an adaptive
mesh refinement (AMR) technique. We provide the algorithmic details about
the proposed L-BFGS monolithic scheme, especially about how to handle the
hanging-node constraints generated during the AMR process as extra linear con-
straints. Several two-dimensional (2D) and three-dimensional (3D) numerical
examples are provided to demonstrate the capabilities of the proposed mono-
lithic scheme, including the accuracy, the robustness, and the computational
efficiency regarding the memory consumption and the wall-clock time. Partic-
ularly, we emphasize the importance of the appropriately chosen convergence
criteria for brute crack propagation. The proposed L-BFGS phase-field mono-
lithic scheme combined with the AMR technique offers an accurate, robust,
and efficient approach to model brittle crack propagation in both 2D and 3D
problems.
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1 INTRODUCTION

One of the challenges in modeling crack propagation in solids is the handling of complex crack geometry. The level-set
based on tracking strategy,1–3 for example, attempts to use the iso-surface of an auxiliary scalar field to represent the sharp
crack geometry. This type of tracking strategy can be combined with the embedded discontinuity technique4–6 to model
discontinuity propagation, such as crack and shear band, in both brittle and ductile materials.7,8 Although the above
numerical technique can successfully resolve the sharp crack for simple crack geometries, it becomes ineffective to handle
complex crack propagation paths such as branching and merging. Instead of directly resolving the sharp crack surface,
the phase-field method based on a variational approach9–11 regularizes the sharp crack geometry in a diffusive manner.
Due to the underlying variational structure and the unique capability to naturally handle complex crack geometries in
both two-dimensional (2D) and three-dimensional (3D) problems, the phase-field approach becomes widely adopted to
model crack propagation in solids during the last decade.12–19

The phase-field modeling of brittle crack propagation faces three major challenges, including the non-convexity of the
underlying energy functional, the expensive computational cost, and the enforcement of the phase-field (damage) irre-
versibility. It is well known that the energy functional of the brittle crack phase-field formulation is non-convex.10,11 Con-
sequently, the Newton-based monolithic approach encounters convergence difficulties. To overcome the limitation of the
Newton-based approach, several monolithic schemes based on the modified Newton method are proposed.17,20,21 The cen-
tral idea of the modified Newton method is to modify the Jacobian matrix (the Hessian of the energy functional after finite
element discretization) in order to restore its positive definiteness. However, this process remains heuristic and involves
several parameters that need to be selected during the modification of the Jacobian matrix. Other efforts to develop
the monolithic scheme for the phase-field problem include a fracture energy based arc-length method,22 a multilevel
trust region method,23 and a novel line-search assisted procedure.24 Particularly, the Broyden–Fletcher–Goldfarb–Shanno
method, or the BFGS method, which is a type of quasi-Newton method, provides a systematic approach to solve the
phase-field crack propagation problem in a robust and efficient way.18 However, in the classical BFGS procedure, each
BFGS iteration involves an update of the approximate Hessian or its inverse, which requires the storage of a fully dense
matrix. In the context of a finite element simulation, the classical BFGS procedure fails to take advantage of the finite
element sparsity pattern, and the memory required to store the fully dense approximate Hessian becomes impractical
even for a mid-size finite element problem. Therefore, special considerations have to be given during the implementa-
tion of the BFGS method for the phase-field simulation or any finite element problems to avoid the storage of a fully
dense matrix.25 Alternatively, the numerical difficulties arising from the non-convexity of the energy functional can be
circumvented by adopting the so-called alternate minimization scheme based on a staggered approach.13,26–28 The stag-
gered approach decouples the tightly coupled problem into a displacement sub-problem and a phase-field sub-problem.
The two sub-problems are both convex and can be efficiently solved. Despite of the robustness, the staggered approach
might be computationally inefficient due to the required large number of iterations between the two sub-problems. More-
over, an inappropriate choice of convergence criteria may under-predict the crack propagation, especially when the crack
propagates in a brutal manner.

The phase-field formulation for crack propagation simulation is computationally expensive. In order to model a sharp
crack in a diffusive way, the phase-field length-scale needs to be resolved around the crack region. This requirement
demands that the mesh size h around the crack region needs to be smaller than the phase-field length-scale parame-
ter l during the spatial discretization. For a crack whose propagation path is known a priori, the mesh could simply be
pre-refined along the expected propagation path to resolve the phase-field length-scale l. However, for scenarios where
the crack propagation path is unknown, a large part of the computational domain needs to be discretized with a mesh size
h that is smaller than l. This level of spatial discretization makes the computational cost prohibitively expensive even for
2D problems, and is completely unpractical for 3D problems. Therefore, an adaptive mesh refinement (AMR) is essen-
tial to reduce the computational cost associated with the phase-field method for crack propagation simulations. Recently,
Heister et al.15 proposed a predictor-corrector local mesh adaptivity scheme, which does not require the knowledge of the
crack path a priori. As a result, the number of degrees of freedom (DoFs) grows as the crack propagates. This AMR tech-
nique can ensure the adequate mesh resolution around the crack region and apply the highly refined mesh only when it
is needed, therefore, reducing the computational cost.

To be consistent with thermodynamics, cracks do not self-heal after they are formed. In the phase-field formulation of
crack propagation, this thermodynamic requirement is included as the phase-field irreversibility condition. In fact, this
irreversibility condition should not only be enforced in the fully cracked region but also in any partially damaged region. In
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the literature, there are different approaches to enforce the phase-field irreversibility condition. These approaches vary in
the aspect of implementation complexity, mathematical rigor, and numerical performance. Bourdin29 proposed to directly
set Dirichlet boundary conditions on the fully developed cracks to prevent crack healing. However, this type of approach
fails to enforce the irreversibility condition in partially damaged region. Miehe et al.13 introduced a history variable of the
maximum positive strain energy to drive the evolution of the phase-field. Despite of the convenience, the enforcement of
the irreversibility condition based on this history variable approach makes the weak form inconsistent with the underlying
energy functional. Wheeler et al.30 proposed an augmented Lagrangian approach to enforce the irreversibility condition.
This approach can avoid solving the variational inequality introduced by the phase-field irreversibility. However, it is
difficult to identify the parameters in order to effectively enforce the irreversibility constraint while at the same time avoid
the ill-conditioning of the system. Heister et al.15 proposed a primal-dual active set method to enforce the phase-field
irreversibility. This method can be considered as a type of semi-smooth Newton method31 and is effective to enforce the
phase-field irreversibility. However, this work relies on an heuristic phase-field extrapolation approach to circumvent
the numerical difficulties associated with the non-convexity of the energy functional, which may not be valid. Wambacq
et al.20 proposed an interior-point method to directly treat the phase-field irreversibility as a variational inequality. In the
authors’ opinion, the interior-point method is the most rigorous way since it neither modifies the governing equations
nor uses any penalty parameters. However, this work still requires the modification of the Hessian matrix through a
stabilization factor to restore the positive definiteness.

As a type of quasi-Newton method, the BFGS method, which is originally based on the idea of Davidon,32,33 has
been widely used in nonlinear optimization. Comparing with the modified Newton method, the BFGS method does not
attempt to restore the positive definiteness of the Hessian through matrix modification. Rather, it constructs a series of
approximate Hessian (or its inverse) that are positive definite through a rank-two update using curvature information.
The effectiveness of the BFGS method for the phase-field crack formulation is demonstrated by Wu et al.18 However, the
implementation of the BFGS method in their work18 is through a commercial finite element software. Except mentioning
about using the work by Matthies and Strang25 to avoid the storage of a fully dense matrix during the BFGS update, the
software manual does not provide more implementation details. Therefore, it is hard to extend the BFGS implementation
to include other advanced features such as AMR.

In this article, we propose a phase-field monolithic scheme based on the limited-memory BFGS method,34–36 or the
L-BFGS method, combined with an AMR technique15 to model brittle crack propagation. Comparing with the classical
BFGS update procedure that stores a fully dense matrix, the L-BFGS method only requires to store a few vector-pairs in the
memory during the calculation of the search direction. The L-BFGS method offers an effective and systematic approach
to address the challenges associated with the non-convexity of the energy functional. To alleviate the expensive com-
putational cost during the phase-field formulation, the proposed L-BFGS monolithic scheme is further integrated with
the AMR technique originally proposed by Heister et al.15 Several modifications are introduced into the original refine-
ment technique to improve the convergence behavior of the L-BFGS monolithic scheme. During the mesh refinement
process, a series of hanging nodes are generated at element interfaces. These hanging-node constraints along with the
prescribed essential boundary conditions are treated as algebraic nodal constraints and incorporated into the proposed
L-BFGS monolithic scheme. For the enforcement of the irreversibility condition, we adopt the phase-field formulation
based on the history variable of the maximum positive strain energy.13 Instead of involving more advanced numerical
optimization techniques, such as interior point method, active set method and so forth to solve a constrained optimization
problem that enforces the phase-field irreversibility as inequality constraints, the history variable approach only requires
to store the maximum value of the positive strain energy as an extra scalar at each quadrature point. Additionally, this
approach is shown to be motivated by the local damage mechanics.13 Due to the relative simplicity of the history variable
based approach, we can therefore focus on presenting the proposed L-BFGS monolithic scheme combined with the AMR
technique to address the challenges of the non-convex energy functional and the expensive computational cost in the
phase-field crack simulation. In order to consider the tension-compression asymmetry of brittle fracture propagation, a
common approach is to split the total strain energy and only degrade the part related to the tensile deformation. There are
multiple approaches in the literature to split the strain energy function, for instance, the volumetric-deviatoric decomposi-
tion of the elastic strain energy,37 the positive-negative split based on the spectrum decomposition of the strain tensor,12,13

the positive-negative split based on the effective stress tensor,38,39 and the directional stress split based on the crack orien-
tation,40 to name a few. The review papers by Wu et al.41 and De Lorenzis et al.14 provide thorough comparisons of various
splitting techniques. To the authors’ best knowledge, each splitting technique has its own advantages and shortcomings
depending on the specific loading conditions. In this work, we adopt the split based on the spectrum decomposition of
the strain tensor popularized by Miehe et al.12,13 It is worth emphasizing that the choice of the splitting technique is part
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of the material constitutive formulation, and therefore, does not change the proposed L-BFGS monolithic approach. In
case a different splitting technique needs to be adopted, we can readily replace the constitutive calculation at element
quadrature points. The proposed L-BFGS approach and the AMR technique remain unchanged.

The remaining article is organized as follows. In Section 2, we briefly review the phase-field formulation for brit-
tle fracture simulations originally proposed by Miehe et al.13 and the corresponding finite element discretization. In
Section 3, we propose a monolithic scheme based on the limited-memory BFGS method, or the L-BFGS method, to
solve the weak form of the phase-field formulation. Furthermore, we incorporate a modified AMR technique15 into the
L-BFGS monolithic scheme. In particular, we present the algorithmic details about how to consider the hanging-node
constraints generated during the AMR process and the prescribed essential boundary conditions in the L-BFGS proce-
dure. In Section 4, we provide several 2D and 3D numerical examples widely adopted in the phase-field literature to
evaluate the performance of the proposed L-BFGS monolithic scheme, including its accuracy, robustness, computational
efficiency, and dimension-independence. In Section 5, we summarize the features of the proposed monolithic scheme
and discuss about several avenues to improve the current treatment of the phase-field irreversibility condition, such as
the primal-dual active set method15 and the interior-point method.20 The proposed L-BFGS monolithic scheme is imple-
mented in deal.II,42 which is an open-source C++ finite element library. In support of the efforts of open-source software
and reproducible research, all the source codes and input files developed in this article are hosted on GitHub.*

2 PHASE-FIELD FORMULATION

The phase-field formulation adopted in this article is mainly based on the work by Miehe et al.13 For the sake of com-
pleteness, we briefly review the major components in this formulation, including the specific form of the phase-field
degradation function, the additive decomposition of the strain energy, the enforcement technique of the phase-field irre-
versibility using the history variable of the maximum positive strain energy, and the viscous regularization. After the finite
element discretization, we provide the discretized forms of the total energy of the cracked system and the correspond-
ing residuals, which are needed for the subsequent development of the L-BFGS monolithic scheme and the line search
method based on the strong Wolfe conditions.

2.1 Governing equations

Let u(x) represent the unknown displacement field vector and d(x) represent the unknown phase-field scalar. The energy
functional of the fractured solid system is expressed as

Π(u, d) = ∫Ω
𝜓(𝝐(u), d)dΩ + gcΓl(d) − ∫Ω

b ⋅ u dΩ − ∫
𝜕Ω

t ⋅ u dΓ, (1)

where b is the body force, t is the traction load, 𝝐 = ∇(s)u is the small deformation linear strain tensor, 𝜓 represents the
strain energy density function, gc is the critical energy release rate, and Γl is an approximation of the crack surface area.
Particularly, the approximated crack surface Γl is defined as

Γl(d) = ∫Ω
𝛾(d,∇d)dΩ = ∫Ω

1
2l
(

d2 + l2∇d ⋅ ∇d
)
dΩ, (2)

where 𝛾(d,∇d) is considered as the crack surface density function, and l is the phase-field length-scale parameter. The
strain energy density function is based on the isotropic linear elasticity and the additive decomposition,

𝜓(𝝐, d) = [g(d) + k]𝜓+(𝝐) + 𝜓−(𝝐), (3)

where 𝜓+ is the positive part of the strain energy, 𝜓− is the negative part of the strain energy, k is a small non-negative
number, and g(d) represents the phase-field degradation function and adopts the following form,

g(d) = (1 − d)2. (4)
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For the additive decomposition of the strain energy, we introduce the following operators,

⟨x⟩+ = 1
2
(x + |x|), ⟨x⟩− = 1

2
(x − |x|), H(x) =

{
1 x ≥ 0,
0 x < 0.

The spectrum decomposition of the strain tensor 𝝐 is expressed as

𝝐 =
∑
𝛼

𝜖𝛼M𝛼, M𝛼 = n𝛼 ⊗ n𝛼,

where 𝜖𝛼 and n𝛼 represent a pair of eigenvalue and eigenvector. The positive and negative parts of the strain tensor are
defined as,

𝝐
+ =

∑
𝛼

⟨𝜖𝛼⟩+M𝛼, 𝝐
− =

∑
𝛼

⟨𝜖𝛼⟩−M𝛼.

Using the above definitions, the positive and negative parts of the strain energy are expressed as

𝜓+(𝝐) = 1
2
𝜆⟨tr𝝐⟩2

+ + 𝜇𝝐+ ∶ 𝝐
+,

𝜓−(𝝐) = 1
2
𝜆⟨tr𝝐⟩2

− + 𝜇𝝐− ∶ 𝝐
−,

(5)

where 𝜆 and 𝜇 are the Lamé parameters, and tr𝝐 is the trace of the strain tensor.
The primary unknown fields u(x) and d(x) can be obtained from the minimization of the energy functional

(u(x), d(x)) = argmin{Π(u, d)}

subject to the constraints

ḋ(x) ≥ 0 and 0 ≤ d(x) ≤ 1.

The first inequality constraint represents the phase-field (damage) irreversibility condition, and the second set of inequal-
ity constraints indicate that the phase-field is between d = 0 (the undamaged state) and d = 1 (the fully damaged state).
Using the directional derivatives, the first variation of the energy functional is written as

𝛿Π(u, d) = (𝛿u,𝛿d)Π(u, d) =
d

d𝜖
||||𝜖=0

Π(u + 𝜖 𝛿u, d + 𝜖 𝛿d)

= ∫Ω

(
𝜕𝜓(𝝐(u), d)

𝜕𝝐
∶ 𝝐(𝛿u) + 𝜕𝜓(𝝐(u), d)

𝜕d
𝛿d

)
dΩ + ∫Ω

gc

l
(

d 𝛿d + l2∇d ⋅ ∇𝛿d
)
dΩ

− ∫Ω
b ⋅ 𝛿u dΩ − ∫

𝜕Ω
t ⋅ 𝛿u dΓ

= (∇(s)𝛿u, 𝝈) − (𝛿u, b) − (𝛿u, t)Γt +
(
𝛿d,

gc

l
d
)
+ (∇𝛿d, gcl∇d) + (𝛿d, g′(d)𝜓+(𝝐)).

The stress tensor 𝝈 is defined as

𝝈 = 𝜕𝜓(𝝐(u), d)
𝜕𝝐

= [g(d) + k]𝜕𝜓
+(𝝐)
𝜕𝝐

+ 𝜕𝜓−(𝝐)
𝜕𝝐

= [g(d) + k]𝝈+ + 𝝈
−,

where

𝝈
+ = 𝜆⟨tr𝝐⟩+I + 2𝜇𝝐+, 𝝈

− = 𝜆⟨tr𝝐⟩−I + 2𝜇𝝐−.
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Using the divergence theorem and the technique of integration by parts, the corresponding Euler–Lagrange equations
are written as {

div𝝈 + b = 0
gc
l
(d − l2Δd) = −g′(d)𝜓+

,

in addition to the Neumann boundary conditions{
𝝈n = t on Γt

∇d ⋅ n = 0 on Γ∇d
.

Among various approaches to enforce the phase-field irreversibility, we adopt the approach based on the history variable
of the positive strain energy13 due to its relative simplicity,

(x, t) = max
s∈[0,t]

𝜓+(𝝐(x, s)). (6)

Moreover, a viscosity regularization term 𝜂ḋ can be introduced to stabilize the numerical treatment. Even though this
regularization term might not be necessary, we still include it in the formulation for flexibility. This term can always be
turned off by setting 𝜂 = 0. Including the above considerations, the governing equations of the cracked solid system can
be expressed as {

div𝝈 + b = 0
gc
l
(d − l2Δd) + 𝜂ḋ = −g′(d) , (7)

which is originally proposed by Miehe et al.13

We introduce a pseudo-time variable t to represent load steps. Inside a time step t ∈ [tn, tn+1] with Δt = tn+1 − tn, the
weak form of the governing PDEs shown in Equation (7) can be expressed as

ru(u, d) = (∇(s)𝛿u, 𝝈) − (𝛿u, b) − (𝛿u, t)Γt = 0, (8)

and

rd(u, d) =
(
𝛿d,

gc

l
d
)
+ (∇𝛿d, gcl∇d) + (𝛿d, 𝜂ḋ) + (𝛿d, g′(d))

=
(
𝛿d,

gc

l
d
)
+ (∇𝛿d, gcl∇d) +

(
𝛿d, 𝜂d − dn

Δt

)
+ (𝛿d, g′(d)) = 0,

(9)

where 𝛿u and 𝛿d represent the test functions, and dn is the known phase-field at the beginning of the time step. The
history variable of the positive strain energy is written as

 =

{
𝜓+(𝝐(u(i))) if 𝜓+(𝝐(u(i))) > n,

n if 𝜓+(𝝐(u(i))) ≤ n.

Note that the above expressions of the weak form are nonlinear. Assume i represents the ith iteration, we can write the
Newton–Raphson solution process for the coupled system as

{Δuru(u(i), d(i)) +Δdru(u(i), d(i)) = −ru(u(i), d(i))
Δurd(u(i), d(i)) +Δdrd(u(i), d(i)) = −rd(u(i), d(i)),

(10)
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JIN et al. 7 of 37

where

Δuru(u, d) =
(
∇(s)𝛿u, 𝜕𝝈

𝜕𝝐
∶ 𝝐(Δu)

)
,

Δdru(u, d) =
(
∇(s)𝛿u, 𝜕𝝈

𝜕d
Δd

)
,

Δurd(u, d) =
(
𝛿d, g′(d)𝜕

𝜕𝝐
∶ 𝝐(Δu)

)
,

Δdrd(u, d) =
(
𝛿d,

(gc

l
+ 𝜂

Δt
+ g′′(d))

Δd
)
+ (∇𝛿d, gcl∇(Δd)).

Particularly, since the phase-field degradation function is only applied to the positive part of the strain energy, the
stress-strain relationship is nonlinear, and the material tangent modulus can be expressed as

𝜕𝝈

𝜕𝝐
= [g(d) + k]𝜕𝝈

+

𝜕𝝐
+ 𝜕𝝈−

𝜕𝝐

= [g(d) + k]
[
𝜆H(tr𝝐)I⊗ I + 2𝜇P

+] + [
𝜆H(−tr𝝐)I⊗ I + 2𝜇P

−].
The two fourth-order projection tensors P+ and P− are defined as

P
+ = 𝜕𝝐+

𝜕𝝐
, P

− = 𝜕𝝐−

𝜕𝝐
,

the specific expressions of which are given in Appendix A. The other derivatives needed for the linearization of the weak
form are provided as below:

𝜕𝝈

𝜕d
= g′(d)𝝈+,

𝜕
𝜕𝝐

=

{
𝝈
+(u(i)) 𝜓+(𝝐(u(i))) > n,

0 𝜓+(𝝐(u(i))) ≤ n.

2.2 Finite element discretization

Let 𝛿uA = NuA represent the vector-valued shape function for the displacement field u at node A, and 𝛿dA = NdA repre-
sent the scalar-valued shape function for the phase-field d at node A. During the ith iteration in the Newton–Raphson
method, the linear equations of the coupled system shown in Equation (10) can be discretized using the shape
functions as

[
K(i)

uu K(i)
ud

K(i)
du K(i)

dd

][
Δu(i)

Δd(i)

]
=

[
−r(i)u

−r(i)d

]
, (11)

where

KuAuB =
(
∇(s)NuA ,

𝜕𝝈

𝜕𝝐
∶ ∇(s)NuB

)
,

KuAdB =
(
∇(s)NuA ,

𝜕𝝈

𝜕d
NdB

)
,

KdAuB =
(

NdA , g′(d)𝜕
𝜕𝝐

∶ ∇(s)NuB

)
,

KdAdB =
(

NdA ,

(gc

l
+ 𝜂

Δt
+ g′′(d))

NdB

)
+
(
∇NdA , gcl∇NdB

)
,

ruA =
(
∇(s)NuA , 𝝈

)
−
(

NuA , b
)
−
(

NuA , t
)
Γt
,

rdA =
(

NdA ,
gc

l
d + 𝜂d − dn

Δt
+ g′(d)

)
+ (∇NdA , gcl∇d).

(12)
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8 of 37 JIN et al.

Particularly, we define the following diagonal block matrix K̂ for the development of the L-BFGS monolithic scheme,

K̂ =

[
Kuu 0

0 Kdd

]
. (13)

Based on the shape functions {Nu,Nd} and the nodal finite element solutions {u, d}, the displacement field and the
phase-field can be expressed as

u = NuA uA, and d = NdA dA,

where the Einstein summation is used. Plug the above expressions into the total energy defined in Equation (1), we have

Π(uA, dA) = ∫Ω
𝜓
(
𝝐(NuA uA),NdA dA

)
dΩ + ∫Ω

gc

2l
(
(NdA dA)2 + l2(∇NdA dA) ⋅ (∇NdA dA)

)
dΩ

− ∫Ω
b ⋅ (NuA uA) dΩ − ∫

𝜕Ω
t ⋅ (NuA uA) dΓ + ∫Ω

𝜂

2Δt
(NdA dA − NdA (dA)n)2 dΩ,

(14)

where (dA)n is the phase-field value at node A in the beginning of the time step. The last term in the above expression rep-
resents the contribution from the viscosity term in Equation (7). For the development of the L-BFGS monolithic scheme
in the following sections of this article, the residuals of the solid mechanics equation ru and the phase-field equation rd
shown in Equation (12), the diagonal block matrix K̂ defined in Equation (13), and the total energy Π(u, d) expressed in
Equation (14) are required.

3 L-BFGS MONOLITHIC SCHEME

It is well known that the energy functional in Equation (1) is non-convex.10,11 As a result, the Newton–Raphson based
monolithic approach, shown in Equation (10), may encounter convergence issues during the phase-field simulation.
In this section, we propose a monolithic scheme based on the limited-memory BFGS (L-BFGS) method to solve the
phase-field problem. First, we briefly review the essential steps of the classical BFGS method and discuss about its limita-
tions in the context of the finite element simulation of the phase-field fracture propagation. Then, we present the L-BFGS
monolithic approach for the phase-field simulation and the line search method based on the strong Wolfe conditions. The
L-BFGS approach needs to be modified to consider the essential boundary conditions applied at the boundary nodes and
the hanging-node constraints introduced during the AMR, which is necessary to alleviate the heavy computational cost
associated with the phase-field method. Lastly, we combine the proposed L-BFGS monolithic scheme with an AMR tech-
nique in the Reference 15. We introduce some small modifications of the mesh refinement technique to further improve
its computational efficiency during the L-BFGS iterations.

3.1 BFGS method

Assume f (x) is the objective function that needs to be minimized. The goal of the BFGS method is to find a solution x∗ such
that the residual r = ∇f (x∗) = 0. Let k represent the kth BFGS iteration, Bk and Hk = B−1

k represent the approximation of
the Hessian ∇2f (x) and its inverse. A standard iteration in the BFGS method includes the following major steps43:

• Compute the search direction pk:

Bkpk = −rk or pk = −Hkrk.

• Update the solution vector xk+1:

xk+1 = xk + 𝛼kpk,

where 𝛼k is obtained from a line search procedure.
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JIN et al. 9 of 37

• Define sk and yk:

sk = xk+1 − xk, yk = rk+1 − rk.

• Update the approximate Hessian Bk+1 or its inverse Hk+1:

Bk+1 = Bk −
BksksT

k Bk

sT
k Bksk

+
ykyT

k

yT
k sk

,

or

Hk+1 =
(
I − 𝜌kskyT

k
)
Hk

(
I − 𝜌kyksT

k
)
+ 𝜌ksksT

k , 𝜌k = 1
yT

k sk
.

• Repeat the above steps until

‖rk‖2 < tol.

In the above BFGS iteration, the approximate Hessian Bk should be symmetric and positive definite, and the vectors
sk and yk should satisfy the curvature condition:

sT
k yk > 0. (15)

The above curvature inequality condition is always satisfied when the objective function f (x) is strongly convex. For a
non-convex function such as the energy functional of the phase-field problem, this curvature condition does not always
hold. Therefore, a line search procedure based on the Wolfe conditions or the strong Wolfe conditions is required to choose
the step length 𝛼k and guarantees that the curvature condition is satisfied. The Wolfe conditions are expressed as

f (xk + 𝛼kpk) ≤ f (xk) + c1𝛼krT
k pk, r(xk + 𝛼kpk)Tpk ≥ c2rT

k pk, (16)

with 0 < c1 < c2 < 1. The strong Wolfe conditions are expressed as

f (xk + 𝛼kpk) ≤ f (xk) + c1𝛼krT
k pk,

|||r(xk + 𝛼kpk)Tpk
||| ≤ c2

|||rT
k pk

|||, (17)

with 0 < c1 < c2 < 1.
As a type of quasi-Newton method, despite of its robustness, computational efficiency, and the superlinear rate of

convergence for nonlinear optimization, the BFGS method has an obvious shortcoming when used in the finite element
method. During the update of the approximate Hessian matrix or its inverse, the sparsity nature of the finite element
formulation is not preserved and a fully dense matrix of n by n needs to be stored, where n represents the number of DoFs.
To see this, when k = 0, the initial BFGS matrix B0 can be assembled from the finite element procedure, for instance, using
the diagonal blocks of the true Hessian as shown in Equation (13), which is indeed sparse. However, the challenges come
from the two subsequent rank-one updates associated with the term BksksT

k Bk and ykyT
k . Recall that both yk and sk are

column vectors with n components. As a result, both BksksT
k Bk = Bksk(Bksk)T and ykyT

k represent a rank-one update and
result in a fully dense n × n matrix. The addition of a sparse matrix and two fully dense matrices results in another fully
dense matrix. This limitation is too restrictive even for a mid-size finite element problem due to the required memory for
the storage of the fully dense matrix. Therefore, special considerations need to be given to avoid the storage of the fully
dense matrix.25 This motivates us to introduce the limited-memory feature for the phase-field fracture simulations.

Comment 1. To put the notations used in the BFGS update under the context of the phase-field formula-
tion, the solution vector x = {u, d} includes the displacement field u and the phase-field d as the primary
unknowns in the discretized finite element system. The residual r = {ru, rd} is the gradient of the total energy
functional Π(u, d). The discretized form of the residual is provided in Equation (12). The approximate Hessian
B and its inverse H are used to replace the true Hessian (Jacobian) K and its inverse K−1in the linear system
Equation (11).
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10 of 37 JIN et al.

3.2 Limited-memory BFGS method with hanging-node constraints

In order to overcome the limitation of storing a fully dense matrix in the BFGS method, the limited-memory BFGS method,
or the L-BFGS method, was developed.34–36 “Limited-memory” suggests that instead of storing the fully dense n by n
approximate Hessian matrix B or its inverse H, only a few vectors of length n are stored during the computation and
used to calculate the search direction p. According to Nocedal and Wright,43 “the main idea of this method (L-BFGS)
is to use curvature information from only the most recent iterations to construct the Hessian approximation. Curvature
information from earlier iterations, which is less likely to be relevant to the actual behavior of the Hessian at the current
iteration, is discarded in the interest of saving storage.”

In this article, we adopt the L-BFGS procedure43 to develop a monolithic solver for the phase-field formulation pre-
sented in Section 2. The objective function is the total energy discretized by the finite element method Π(uA, dA) shown
in Equation (14). The unknowns are the displacement vector and the phase-field scalar x = (uA, dA)T at the finite ele-
ment nodes. The residuals are the residuals of the solid mechanics equation and the phase-field equation r(uA, dA) =
(ru(uA, dA), rd(uA, dA))T given in Equation (12). At the kth L-BFGS iteration (k ≥ 0), similar to the BFGS method, we
define a pair of vectors

{
sk, yk

}
as

sk = xk+1 − xk, yk = rk+1 − rk.

Let m represent the maximum number of vector-pairs
{

si, yi
}

(the level of memory) allowed to be stored during the
computation. We define an integer m̂ = min{m, k}. At the beginning of the kth iteration, there are m̂ sets of vector-pairs{

si, yi
}
, i = k − m̂, … , k − 1 stored in the memory. The L-BFGS update adopts a two-loop recursive process43 and is

detailed in Algorithm 1.
In Algorithm 1, the initial inverse Hessian approximation H0

k needs to be chosen for the calculation of the search
direction pk. In this work, we choose the initial Hessian approximation as B0

k = K̂, where K̂ is the diagonal block matrix
defined in Equation (13). As a result

H0
k = (B0

k)
−1 = K̂−1 =

[
K−1

uu 0
0 K−1

dd

]
. (18)

In fact, since K̂ is symmetric and positive definite, we can use the conjugate-gradient method to solve for pk from B0
k pk = q

during the intermediate step.
Once the search direction pk is calculated from Algorithm 1 at the kth iteration, we still need to determine the step

length along this direction, that is, we need to find a scalar 𝛼k > 0 such that

xk+1 = xk + 𝛼kpk.

Algorithm 1. A two-loop recursive process to compute the search direction pk = −Hkrk at the kth L-BFGS iteration

1: q = rk and m̂ = min{m, k}
2: for i = k − 1, … , k − m̂ do
3: 𝜌i = 1∕(yT

i si)
4: 𝛼i = 𝜌isT

i q
5: q ← q − 𝛼iyi
6: end for
7: pk = H0

k q ⊳ H0
k is the initial inverse Hessian approximation

8: for i = k − m̂, … , k − 1 do
9: 𝛽 = 𝜌iyT

i pk
10: pk ← pk + si(𝛼i − 𝛽)
11: end for
12: pk ⩮ −1
13: return pk ⊳ pk is the search direction at the current iteration
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JIN et al. 11 of 37

In this work, we use the strong Wolfe conditions expressed in Equation (17) to determine the step length 𝛼k. We can define
a scalar function of 𝛼k as

𝜙(𝛼k) = Π(xk + 𝛼kpk).

Therefore, we also have

𝜙′(𝛼k) = r(xk + 𝛼kpk)Tpk.

The two inequality conditions, namely the sufficient decrease condition and the curvature condition in the strong Wolfe
conditions, can be recast as

𝜙(𝛼k) ≤ 𝜙(0) + c1𝛼k𝜙
′(0), ||𝜙′(𝛼k)|| ≤ c2||𝜙′(0)||. (19)

Note that most line search methods, including the one based on the strong Wolfe conditions, require that the search
direction pk is a descent direction, that is,

𝜙′(0) = rT
k pk < 0,

such that the step length 𝛼k is positive. Since the L-BFGS update indicates that pk = −Hkrk, where Hk is positive definite,
the above condition holds. To find a step length 𝛼k satisfying the strong Wolfe conditions, we use the implementation
proposed by Moré and Thuente44 with parameters c1 = 10−4 and c2 = 0.9. The implementation details can also be found
in Chapter 3 of the textbook by Nocedal and Wright.43

In the context of the finite element method with AMR, the above standard L-BFGS procedure needs to be modified
to consider the applied essential boundary conditions and the so-called “hanging-node” constraints introduced during
mesh refinement. Figure 1A shows an example of an adaptively refined mesh. Figure 1B shows the hanging nodes at
the edges/faces shared by elements of different refinement level during mesh refinement. The DoFs associated with the
hanging nodes and the nodes that are prescribed with essential boundary conditions are treated as algebraic constraints
in the assembled linear system. For instance, in Figure 1B, the right element is refined by one more level than the left
element, resulting in a hanging node (node 5) at the interface. Assume that both elements before the refinement use
the bilinear shape functions (Q1). Then, the degree of freedom (DoF) of x5 associated with the hanging node (node 5)

(A) (B)

F I G U R E 1 During (A) the adaptive mesh refinement, (B) hanging nodes are generated at the edges/faces shared by elements of
different refinement level. These hanging nodes, along with the nodes that are prescribed with essential boundary conditions, are treated as
constrained nodes.
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12 of 37 JIN et al.

can be expressed by the DoFs of x1 and x2 associated with the neighboring nodes (nodes 1 and 2) in the following linear
relationship,

x5 = 1
2

x1 +
1
2

x2.

Moreover, if node 4 is prescribed with an essential boundary condition, then the DoF of x4 associated with this node can
be written as

x4 = k4,

where k4 represents the prescribed value. In general, the DoF of a constrained node can be expressed in the following
linear relationship

xi = cijxj + ki,

where cij represents the coefficients due to the hanging-node constraints and ki represents inhomogeneous constraints
such as the essential boundary conditions. We can write the entire constraints in a linear system as below:

x = Cx + k.

Particularly, the coefficient matrix C is idempotent, meaning that C2 = C. The proof of the above property is shown in
Appendix B. For a linear system Ax = b with the above set of constraints, we can instead solve the following modified
linear system45

(
CTAC + Idc

)
x̂ = CT(b − Ak), (20)

and then recover the true solution x as

x = Cx̂ + k. (21)

In the modified linear system, the matrix Idc is defined as

(Idc)ij =
⎧⎪⎨⎪⎩

0 if i ≠ j,
1 if i = j ∈  ,
0 if i = j ∉  ,

(22)

where  represents the set of the DoFs of the constrained nodes, including the hanging nodes and the nodes prescribed
with essential boundary conditions. Obviously, for a linear system without any nodal constraints, we have C = I, Idc = 0,
and k = 0.

Inside a time (load) step [tn, tn+1], before we enter the L-BFGS iterations, we first take care of the inhomogeneous
essential boundary conditions by setting

x0 = xtn + Δxtn ,

where xtn = (utn , dtn)
T represents the solution at the start of the current time step and Δxtn = (Δutn , Δdtn)

T rep-
resents the increment of the prescribed essential boundary values, such as the displacement increment under a
displacement-controlled external load. Since the inhomogeneous nodal constraints are included in the initial solution x0,
we can eliminate the inhomogeneity by setting k = 0 during the L-BFGS iterations. Recall that m represents the maxi-
mum number of vector-pairs

{
si, yi

}
(the level of memory) allowed to be stored during the computation. The L-BFGS

procedure at the kth iteration is described in Algorithm 2.
In Algorithm 2, the coefficient matrix C due to the nodal constraints caused by the applied essential boundary con-

ditions and the hanging nodes from the AMR is used in two places. First, after the residual r̂k = (r(k)u , r(k)d )T is assembled
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JIN et al. 13 of 37

Algorithm 2. Major steps during the kth L-BFGS iteration

1: The solution xk = (u(k), d(k))T at the beginning of the iteration is known.
2: Assemble the residual r̂k = (r(k)u , r(k)d )T according to Equation (12).
3: Incorporate the nodal constraints in the residual rk = CTr̂k.
4: Compute the search direction p̂k = −Hkrk according to Algorithm 1.
5: Incorporate the nodal constraints in the search direction pk = Cp̂k.
6: Compute 𝜙(0) = Π(xk), 𝜙′(0) = rT

k pk, and a line search parameter 𝛼k satisfying the
strong Wolfe conditions.

7: Update Δxk = 𝛼kpk = (Δu(k), Δd(k))T and xk+1 = xk + Δxk = (u(k+1), d(k+1))T.
8: if k > m then
9: Remove the vector-pair

{
sk−m, yk−m

}
from storage.

10: end if
11: Compute sk = xk+1 − xk and yk = rk+1 − rk.
12: Add the vector-pair

{
sk, yk

}
into the storage.

according to Equation (12), it is multiplied with CT, that is, rk = CTr̂k, to remove the residuals associated with the con-
strained nodes. Second, after the search direction p̂k = −Hkrk is computed, it is multiplied with C, that is, pk = Cp̂k, to
ensure that the solution increments at the constrained nodes still satisfy the imposed nodal constraints. Therefore, after
the kth iteration, the updated solution xk+1 still satisfies the imposed hanging node constraints and the applied essen-
tial boundary conditions. Note that in Algorithm 2, pk is still a descent direction after considering the nodal constraints,
which can be shown as the following

𝜙′(0) = rT
k pk = (CTr̂k)T(Cp̂k) = (CTr̂k)T(−CHkrk) = (CTr̂k)T(−CHkCTr̂k)

= −r̂T
k CCHkCTr̂k = −r̂T

k CHkCTr̂k = −(CTr̂k)THk(CTr̂k) < 0.
(23)

In the above inequality, we use the fact that C is idempotent (C2 = C) and Hk is positive definite. The steps listed in
Algorithm 2 are repeatedly executed until certain convergence criteria are met. As demonstrated in the subsequent
numerical examples, inappropriate convergence criteria may terminate the monolithic scheme prematurely and cause the
under-prediction of the crack propagation during a time/load step. In this work, we adopt a set of strict convergence crite-
ria based on the relative residuals and the relative increments of the solutions. During the first L-BFGS iteration (k = 0),
we store the following l2-norms, including ||r(0)u ||2, ||r(0)d ||2, ||Δu(0)||2, and ||Δd(0)||2. The convergence criteria are set as

||r(k)u ||2 ∕ ||r(0)u ||2 < tolu, ||r(k)d ||2 ∕ ||r(0)d ||2 < told,||Δu(k)||2 ∕ ||Δu(0)||2 < tolΔu, ||Δd(k)||2 ∕ ||Δd(0)||2 < tolΔd.

Using the above relative residuals in the convergence criteria are more strict than using the absolute residuals, since the
initial residuals at the first iteration ||(»)(0)||2 are usually smaller than one.

Comment 2. The “limited-memory” feature is absolutely essential and has to be incorporated into the BFGS
algorithm one way or another for any practical finite element simulations. The BFGS method used in the work
by Wu et al.18 is based on the commercial software Abaqus. In that implementation, the BFGS method also
has the “limited-memory” feature. According to the Abaqus Theory Manual, to avoid the storage of the fully
dense BFGS matrix, a so-called “kernel” matrix is stored and has a much smaller dimension (a 5 by 5 to 10 by
10 matrix) than the size of the discretized system. To our understanding, this “kernel” matrix has the same
purpose as the vector-pairs stored in our L-BFGS method. However, there are no further details provided in
the manual. This motivated us to develop the current L-BFGS monolithic scheme.

Comment 3. The nodal constraints due to the applied essential boundary conditions and the hanging nodes
generated during the AMR are expressed as x = Cx + k. These constraints can be easily rewritten into the stan-
dard form of linear constraints Ax = b. As a result, even though we assume that the phase-field irreversibility
is incorporated through the history variable approach and there are no phase-field inequality constraints, the
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14 of 37 JIN et al.

minimization of the energy functional is still a constrained optimization problem due to these nodal con-
straints. However, since these nodal constraints are linear, we can eliminate the constrained variables using
these linear equality constraints and convert the constrained problem into an unconstrained one. The multi-
plications of the coefficient matrix C on the residual and the search direction in Algorithm 2 are essentially for
this purpose. For a detailed discussion about simple elimination using linear constraints, interested readers
are referred to Chapter 15 in the textbook by Nocedal and Wright.43

Comment 4. During the implementation of Algorithm 2, vector-pairs
{

si, yi
}

need to be frequently added
into or removed from memory during the L-BFGS iterations. Therefore, for better performance, a data struc-
ture such as “linked list” should be used to store these vector-pairs so that the complexity of adding or
removing an element into/from the memory is constant ((1)).

3.3 Adaptive mesh refinement

The phase-field method for crack propagation simulation is intrinsically expensive, because the phase-field length-scale
l needs to be resolved within the crack region using a mesh size h < l. When the crack path is unknown, an AMR
technique is required to confine the usage of the highly refined mesh only within the crack region and avoid the
spatial discretization of the full computational domain with such a small mesh size h < l. In this work, we adopt a
so-called “predictor-corrector” AMR technique in the Reference 15 and integrate it into our L-BFGS monolithic scheme.
Comparing with the original technique, we introduce several small modifications in the AMR procedure to improve
the convergence behavior of the L-BFGS iterations. Also, from the AMR technique, the coefficients of hanging-node
constraints C are generated and provided to the L-BFGS iterations shown in Algorithm 2.

In order to better illustrate the AMR technique, we introduce the following notations. Let (h∕l)max < 1.0 be the max-
imum allowed ratio between the mesh size h and the phase-field length-scale l. Let dthreshold represent a phase-field
threshold value. These two parameters are provided as input parameters. An element is refined, for example, see Figure 1,
if the following two conditions are both true:

• The element contains a node that has the phase-field nodal value d > dthreshold;
• The ratio between the element mesh size and the phase-field length-scale h∕l is larger than the prescribed ratio (h∕l)max.

This set of refinement conditions ensure that the phase-field length-scale within the crack region defined by d >
dthreshold is always resolved during the spatial discretization. For a finite element mesh, the element mesh size h is
calculated as

h =

{√
Ae for 2D,

3
√

Ve for 3D,

where Ae represents the element area in a 2D problem, and Ve represents the element volume in a 3D problem.
During a time (load) step [tn, tn+1], we adopt a two-level mesh refinement strategy based on the above set of refinement

conditions. Let  (i, j) represent a mesh discretization, where the superscript i represents the outer-level mesh refinement
iteration, and the superscript j represents the inner-level mesh refinement iteration. For examples of  (i, j), see Figure 2.
On a specific mesh discretization  (i, j), the coefficients of hanging-node constraints C(i, j) can be extracted for the proposed
L-BFGS monolithic scheme presented in Section 3.2. Let x(i, j)

n represent the solution at the beginning of the time step on
the mesh  (i, j), and let x(i, j)

n+1 represent the solution at the end of the time step on the mesh  (i, j). During the two-level
mesh refinement strategy, the following two operations are frequently performed:

• On the mesh  (i, 0), the solution x(i, 0)
n+1 can be solved from x(i, 0)

n using the proposed L-BFGS monolithic scheme;

• During the inner-level mesh refinement iteration, the solutions x(i, j+1)
n and x(i, j+1)

n+1 on the mesh  (i, j+1) can be obtained
through interpolation of the solutions x(i, j)

n and x(i, j)
n+1 on the mesh  (i, j).

The ith outer-level mesh refinement iteration involves multiple inner-level mesh refinement iterations. And the
inner-level mesh refinement steps are summarized in Algorithm 3. Through the above steps inside the inner-level mesh

 10970207, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7572 by N
ational R

esearch C
ouncil, W

iley O
nline L

ibrary on [07/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



JIN et al. 15 of 37

F I G U R E 2 Two-level mesh refinement strategy based on the work by Heister et al.15 Inside the ith outer-level mesh refinement
iteration, starting from the mesh  (i, 0), a series of meshes

{ (i, 1),  (i, 2), … ,  (i, ki)
}

are generated during the inner-level mesh refinements
as shown in a red dashed line box. The last refined mesh  (i, ki) provides the initial mesh for the next outer-level calculation. The region
inside the contour line represents the area satisfying the phase-field threshold d > dthreshold. In the mesh  (i, ki), no element satisfies the
refinement conditions. The outer-level iteration stops when no inner-loop mesh refinement is required, that is, in the mesh  (m, 0), no
element satisfies the refinement conditions.

Algorithm 3. Inner-level mesh refinement steps at the ith outer-level.

1: Solve for x(i, 0)
n+1 from x(i, 0)

n using the L-BFGS monolithic scheme on mesh  (i, 0).
2: Set j = 0.
3: while Any element in  (i, j) based on x(i, j)

n+1 satisfies refinement conditions do
4: Refine  (i, j) to obtain  (i, j+1).
5: Interpolate x(i, j)

n and x(i, j)
n+1 on mesh  (i, j) to obtain x(i, j+1)

n and x(i, j+1)
n+1 on mesh  (i, j+1).

6: Set j = j + 1.
7: end while
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16 of 37 JIN et al.

Algorithm 4. Outer-level mesh refinement steps.

1: set i = 0.
2: Obtain

{ (i, 1),  (i, 2), … ,  (i, ki)
}
using the inner-level refinement Algorithm 3.

3: while ki > 0 do ⊳ iteration stops when no refinement needed in inner-level
4: Set  (i+1, 0) =  (i, ki) and x(i+1, 0)

n = x(i, ki)
n .

5: Obtain
{ (i+1, 1),  (i+1, 2), … ,  (i+1, ki+1)

}
using the inner-level refinement Algorithm 3.

6: Set i = i + 1.
7: end while

refinements, starting from the mesh  (i, 0), a series of meshes
{ (i, 1),  (i, 2), … ,  (i, ki)

}
are generated, and the mesh

 (i, j+1) is one-more level refined than the mesh  (i, j). Also, the last mesh  (i, ki) inside the inner-level mesh refinements
provides the initial mesh  (i+1, 0) for the next outer-level calculation. In the original AMR strategy,15 ki ≡ 1, that is, only
one mesh refinement is performed to generate  (i, ki) during the ith outer-level iteration. Here, we ensure that in the last
mesh  (i, ki), based on the solution x(i, ki)

n+1 , all the elements within the crack region (d > dthreshold) are sufficiently refined
such that h∕l < (h∕l)max. When the phase-field solution does not change significantly during the time (load) step, one
mesh refinement within the ith outer-level iteration would be sufficient to ensure that  (i, 1) does not contain elements
satisfying the refinement conditions. In this case, the modified AMR strategy recovers the original one. When the change
of the phase-field solution is large during the time step, multiple mesh refinements (ki > 1) might be needed to ensure
that no elements satisfy the refinement conditions in  (i, ki).

The outer-level mesh refinement iterations are summarized in Algorithm 4. The number of L-BFGS iterations required
to achieve convergence during a time (load) step is impacted by the quality of the initial guess. To facilitate the L-BFGS
convergence, when we solve for x(i+1, 0)

n+1 from x(i+1, 0)
n on the mesh  (i+1, 0) using the L-BFGS monolithic scheme, instead

of setting the initial solution increment as Δx(0), (i+1, 0)
n = 0, we use the interpolated solution x(i, ki)

n+1 on the mesh  (i, ki) =
 (i+1, 0) and set Δx(0), (i+1, 0)

n = x(i, ki)
n+1 − x(i, ki)

n as the initial solution increment. The whole AMR strategy is illustrated in
Figure 2 and works for both 2D and 3D problems.

4 NUMERICAL EXAMPLES

In this section, we provide three 2D numerical examples and one 3D numerical example to demonstrate the capabilities
of the proposed L-BFGS monolithic scheme combined with the AMR technique. The 2D examples, including the simple
tension test, the simple shear test, and the three-point bending test, are widely adopted in the literature related to the
phase-field formulation of fracture propagation.12,13,15 Moreover, the fully 3D numerical example simulates the crack
propagation inside a cubic box containing a rigid sphere inclusion. In these numerical examples, we aim to demonstrate
the following aspects of the proposed monolithic scheme, including the accuracy in the sense of equation residuals and
convergence criteria, the robustness during a critical load step in which crack propagates rapidly in a brutal manner, the
efficiency about both the memory consumption and the wall-clock time, and the dimension-independence such that it
works for both the 2D and 3D cases. The proposed L-BFGS monolithic scheme is implemented in deal.II,42 which is an
open-source C++ finite element library. This library has several built-in functions that could facilitate the implementation
of the AMR technique, the solution transfer between meshes before and after refinement, and the enforcement of the
hanging-node constraints during the L-BFGS process. All the simulations are performed on a workstation laptop with
16 CPUs (8 cores, 2 threads per core) of 11th Gen Intel(R) Core(TM) i7-11800H @ 2.30 GHz. In each simulation, the
Threading Building Blocks (TBB) library is used during the global stiffness matrix and the right-hand side calculations.

4.1 Simple tension test

In the first example, we use the proposed phase-field monolithic scheme to simulate the fracture propagation inside a
unit square sample (1 mm edge length) that has a preexisting crack under a tensile load. The boundary conditions are
applied such that the bottom left corner of the domain is fixed in both x- and y-directions. The bottom edge is fixed in the
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JIN et al. 17 of 37

F I G U R E 3 Crack propagation under simple tension inside a unit square (1.0 mm edge length) with a preexisting crack of 0.5 mm long.
The preexisting crack is from the center of the left edge to the center of the domain. The boundary conditions are applied such that the
bottom left corner of the domain is fixed in both x- and y-directions. The bottom edge is fixed in the y-direction, and the top edge is applied
with a displacement-controlled load uy in the y-direction. The mesh is pre-refined along the anticipated path that is known a priori such that
the mesh size h = 0.00265 mm (h∕l ≈ 1∕3, l = 0.0075 mm).

y-direction, and the top edge is applied with a displacement-controlled load uy in the y-direction. The material parameters
use the same values as the ones reported in the Reference 12, including the Lamé parameters 𝜆 = 121.15 kN∕mm2 and𝜇 =
80.77 kN∕mm2, the critical energy release rate gc = 2.7 × 10−3 kN∕mm, the viscosity parameter 𝜂 = 0.0 kN s∕mm2, and
the small positive parameter k = 0.0 in the degradation function g(d). The phase-field length-scale parameter is chosen as
l = 0.0075 mm. Since the crack propagation path is known a priori, which extends the preexisting crack until it reaches
the right edge of the sample, the mesh is pre-refined around the anticipated propagation path as shown in Figure 3 such
that the mesh size is h = 0.00265 mm and the ratio between the mesh size and the phase-field length-scale is h∕l ≈ 1∕3.
When the displacement-controlled load applied at the top edge is smaller than 0.005 mm, that is, uy ∈ [0.0, 0.005], the
phase-field inside the domain is small and the material exhibits a linear elastic response. Therefore, a large load increment
Δuy = 10−3 is applied inside each load step. When the displacement load uy > 0.005, the load increment is reduced to
Δuy = 10−4 to investigate the crack propagation process. A set of strict convergence criteria are adopted such that

||r(i)u ||2∕||r(0)u ||2 < tolu = 10−9, ||r(i)d ||2∕||r(0)d ||2 < told = 10−9,||Δu(i)||2∕||Δu(0)||2 < tolΔu = 10−9, ||Δd(i)||2∕||Δd(0)||2 < tolΔd = 10−9.
(24)

Using the above relative residuals in the convergence criteria are more strict than using the absolute residuals, since the
initial residuals at the first iteration ||(»)(0)||2 are smaller than one.

Figure 4 shows the phase-field distributions inside the domain when the top-edge displacement is uy = 5.9 × 10−3 mm
and uy = 6.0 × 10−3 mm, respectively. Within this load step, the crack grows brutally from the tip of the preexisting crack
(the center of the domain) to the right edge of the domain. The crack path follows the pre-refined mesh as expected.
Figure 5 shows the L-BFGS convergence history of the total energy E(u, d) of the system and the l2-norm of the residu-
als ru(u, d) and rd(u, d) defined in Equation (12) at uy = 6.0 × 10−3 mm. During this critical step, the L-BFGS monolithic
scheme requires 777 iterations to meet the strict convergence criteria based on the relative residuals of the displacement
and the phase-field equations as well as the solution increments. As shown in Figure 5A, the total energy of the sys-
tem consistently decreases, which is expected due to the line search method based on the strong Wolfe conditions. The
total energy reaches a plateau and barely changes after the 700th iteration. However, as shown in Figure 5B, both of the
displacement equation residual ru(u, d) and the phase-field equation residual rd(u, d) are still relatively large (>10−6).
Therefore, more iterations are required to drive the residuals to the prescribed tolerance. Figure 5C,D show the phase-field
distribution at the 600th and 700th iterations, respectively. Without properly setting the convergence criteria, the crack
propagation would be under-predicted.
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18 of 37 JIN et al.

(A) (B)

F I G U R E 4 Phase field distribution when the top edge displacement is (A) uy = 5.9 × 10−3 mm and (B) uy = 6.0 × 10−3 mm (critical
step). In this case, the viscosity parameter is 𝜂 = 0.0 and the displacement increment inside a time step is Δuy = 1.0 × 10−4 mm. Once
initiated at the preexisting crack tip, the crack brutally propagates to the right edge of the domain along the pre-refined mesh.

(A) (B)

(C) (D)

F I G U R E 5 L-BFGS convergence history at the critical step of the simple tension test: (A) The total energy of the system E(u, d), (B) the
l2-norm of the absolute residuals of the displacement equation ru(u, d) and the phase-field equation rd(u, d), the phase-field distribution at
the (C) 600th iteration and (D) 700th iteration. Without setting the appropriate residual-based convergence criteria, the crack propagation
would be under predicted.
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JIN et al. 19 of 37

(A) (B)

F I G U R E 6 Impact of the load step size and the viscosity parameter 𝜂 on the force-displacement relationship for the unit square sample
under the tension test. (A) When 𝜂 = 0.0, regardless of the load increment size, the sample loses load bearing capacity during the critical step
immediately after the peak load. (B) When 𝜂 increases, the sample retains some load bearing capacity after the peak load.

Figure 6 further demonstrates the impact of the load increment size and the viscosity parameter on the crack propa-
gation behavior. As shown in Figure 6A, when the viscosity parameter is 𝜂 = 0.0, the crack propagates brutally regardless
of the adopted load increment size (Δuy = 10−4 or Δuy = 10−5) and the sample losses the load bearing capacity immedi-
ately after the peak load. When a small viscosity parameter 𝜂 is introduced into the phase-field formulation, as shown in
Figure 6B, the crack propagation is regularized and the sample retains some load bearing capacity after the peak load,
depending on the magnitude of the viscosity parameter 𝜂.

4.2 Simple shear test

In the second example, we use the proposed phase-field monolithic scheme to simulate the fracture propagation inside
the same unit square sample as the first example that has a preexisting crack under a shear load. The boundary conditions
are applied such that the bottom edge is fixed in both x- and y-directions. The top edge is fixed in the y-direction and is
applied with a displacement-controlled load ux in the x-direction. The material parameters use the same values as the ones
reported in the Reference 12, including the Lamé parameters 𝜆 = 121.15 kN∕mm2 and 𝜇 = 80.77 kN∕mm2, the critical
energy release rate gc = 2.7 × 10−3 kN∕mm, the viscosity parameter 𝜂 = 0.0 kN s∕mm2, and the small positive parameter
k = 0.0 in the degradation function g(d). The phase-field length-scale parameter is chosen as l = 0.0075 mm. Unlike the
previous simple tension test where the crack propagation path is known a priori, in this case the exact crack path is
unknown beforehand. Therefore, two different meshing strategies are adopted, as shown in Figure 7. In the first strategy
as shown in Figure 7A, the mesh is pre-refined in a quarter of the domain where crack is anticipated to grow. The mesh
size is chosen as h = 0.0026 mm such that the ratio between the mesh size and the phase-field length-scale is h∕l ≈ 1∕3.
The total number of DoFs is 135,849. In the second meshing strategy as shown in Figure 7B, the mesh is only pre-refined
such that h∕l ≈ 1∕3 around the preexisting crack tip region where the crack is expected to initiate. The total number of
DoFs is 3792 for this initial mesh. Subsequently, the AMR technique is adopted as the crack propagates. In the AMR
technique, the phase-field refinement threshold is dthreshold = 0.4, and the maximum allowed ratio between the mesh
size and the phase-field length-scale is (h∕l)max = 0.5, which guarantees that there are at least three elements within the
phase-field length-scale. The displacement-controlled load increment inside each step is adopted as Δux = 10−3 mm, and
the convergence of the L-BFGS iterations adopts the same strict criteria based on the relative residuals and the solution
increments as shown in Equation (24).

Figure 8 compares the phase-field distributions at various loading stages obtained from the pre-refined mesh and
the adaptively refined mesh. These two meshing strategies yield identical phase-field distribution results. Yet, the com-
putational cost of the AMR-based approach is significantly lower, since the number of DoFs of the mesh in which the
crack is fully developed is only 19,002 compared with the number of DoFs of 135,849 in the pre-refined meshing strat-
egy. Figure 9A compares the impact of the load increment size Δux on the force-displacement relationship of the sample
under the shear test using the pre-refined mesh. Regardless of the adopted load increment size Δux = 10−3 or Δux = 10−4,
the proposed monolithic scheme obtains similar results. Figure 9B demonstrates the impact of the viscosity parameter 𝜂
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20 of 37 JIN et al.

(A) (B)

F I G U R E 7 Crack propagation under simple shear inside a unit square (1.0 mm edge length) with a preexisting crack of 0.5 mm long.
The preexisting crack is from the center of the left edge to the center of the domain. The boundary conditions are applied such that the
bottom edge is fixed in both x- and y-directions. The top edge is fixed in the y-direction and is applied with a displacement-controlled load ux

in the x-direction. (A) The mesh is pre-refined in the region where crack propagation is anticipated such that the mesh size h = 0.0026 mm
(h∕l ≈ 1∕3, l = 0.0075 mm). The number of degrees of freedom (DoFs) is 135,849. (B) The mesh is only pre-refined near the crack tip such
that the mesh size h = 0.0026 mm (h∕l ≈ 1∕3, l = 0.0075 mm). The number of DoFs for this initial mesh is 3792. (A) Pre-refined mesh
(135,849 DoFs); (B) initial mesh with adaptive refinement (3792 DoFs).

on the material response obtained from the adaptively refined mesh. As expected, the material sample exhibits a larger
load bearing capacity when the phase-field equation is regularized with a larger magnitude of viscosity parameter.

Figure 10 reports the convergence history of the total energy E(u, d) of the material sample and the l2-norm of the
residuals ru(u, d) and rd(u, d) in the simple shear test. Using the pre-refined mesh, the critical step (the loading step that
immediately follows the peak load) at ux = 0.010 mm requires 251 L-BFGS iterations. Similar to the observations from the
previous simple test problem, the total energy consistently decreases due to the applied line search method based on the
strong Wolfe conditions. After decreasing to a plateau at the 150th iteration, the total energy barely changes, as shown in
Figure 10A. However, at the 150th iteration, the absolute residuals ru(u, d) and rd(u, d) are still large (||ru(u, d)||2 ≈ 10−3

and ||rd(u, d)||2 ≈ 10−6). Therefore, more L-BFGS iterations are required to reduce the residuals to the prescribed tolerance
shown in Equation (24). Figure 11 reports the growth of the DoF and the required L-BFGS iterations when the AMR
strategy is adopted for the simple shear test. Since the mesh is gradually refined as the fracture propagates, the required
L-BFGS iterations are significantly smaller than the ones required when the pre-refined mesh as shown in Figure 7A is
used. The wall-clock time needed for simulations based on both the pre-refined mesh and the adaptively refined mesh is
reported in Table 1 at the end of this section.

One of the parameters required in the L-BFGS algorithm is the level of memory m that indicates the number of
{s, y}-pairs used to update the approximation of the inverse Hessian H. Figure 12 compares the impact of selected param-
eter m on the required L-BFGS iterations of the simple shear test using the pre-refined mesh. When m = 0, it means that
the update of the inverse Hessian approximation does not include any curvature information from the previous iterations,
H = H0 = K̂−1. In this case, the L-BFGS iterations do not converge after several load steps. As the level of memory m
increases, the required number of L-BFGS iterations for convergence decreases. However, in this simple shear example,
there are no significant differences regarding the required iterations for convergence when m = 40 or m = 100. On the
other hand, since more {s, y}-pairs are included to update the inverse Hessian approximation for a larger level of memory,
the computational cost slightly increases regarding both the memory consumption and the CPU time.

4.3 Three-point bending test

In the third example, we use the proposed monolithic scheme to simulate the crack propagation inside a beam that
has a V-notch under the three-point bending test. Figure 13A shows the dimensions of the beam and the location of
the preexisting V-notch. The boundary conditions are applied such that the bottom left corner is fixed in both x- and
y-directions, and the bottom right corner is fixed in y-direction. A vertical displacement-controlled load uy is applied at
the center of the top edge. The material parameters use the same values as the ones in the Reference 13, including the
Lamé parameters 𝜆 = 12.0 kN∕mm2 and 𝜇 = 8.0 kN∕mm2, the critical energy release rate gc = 5.0 × 10−4 kN∕mm, the
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(A) (B) (C)

(D) (E) (F)

(G) (H) (I)

F I G U R E 8 Phase-field distributions of the simple shear test using the pre-refined mesh and the adaptively refined mesh at different
displacement-controlled load (unit: mm). (A), (D), (G) Show the results obtained from the pre-refined mesh. (B), (E), (H) Show the results
using the adaptive mesh refinement (AMR). (C), (F), (I) Show the corresponding adaptively refined meshes. (A) ux = 0.01 (pre-refine); (B)
ux = 0.01 (AMR); (C) mesh (AMR); (D) ux = 0.012 (pre-refine); (E) ux = 0.012 (AMR); (F) mesh (AMR); (G) ux = 0.014 (pre-refine); (H)
ux = 0.014 (AMR); (I) mesh (AMR).
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(A) (B)

F I G U R E 9 The load-displacement relationships of the simple shear test. (A) The impact of the load step size Δux using the pre-refined
mesh. (B) The impact of the viscosity parameter 𝜂 using the adaptive mesh refinement (AMR).

(A) (B)

F I G U R E 10 L-BFGS convergence history (A) the total energy and (B) the residuals of the displacement and the phase-field equations
of the simple shear test at ux = 0.01 mm obtained from the pre-refined mesh.

(A) (B)

F I G U R E 11 Adaptive mesh refinement at the critical step (ux = 0.01 mm) of the simple shear test: (A) The growth of the number of
degrees of freedom (DoFs) and (B) the L-BFGS iterations required for convergence of each adaptive mesh refinement step.

viscosity parameter 𝜂 = 0.0 kN s∕mm2, and the small positive parameter k = 0.0 in the degradation function g(d). The
phase-field length-scale parameter is chosen as l = 0.0075 mm. Two different meshing strategies are adopted. In the first
strategy, as shown in Figure 13B, the mesh is pre-refined along the anticipated crack propagation path. The mesh size
is chosen as h = 0.0031 mm such that the ratio between the mesh size and the phase-field length-scale is h∕l ≈ 0.4. The
total number of DoFs is 54,957. In the second meshing strategy as shown in Figure 13C, the mesh is only pre-refined
such that h∕l ≈ 0.4 around the tip region of the V-notch where the crack is expected to initiate. The total number of
DoFs is 14,862 for this initial mesh. Subsequently, the AMR technique is adopted as the crack propagates. In the AMR
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JIN et al. 23 of 37

F I G U R E 12 Impact of levels of memory m on the required number of L-BFGS iterations for each load step of the simple shear test
using a load increment of Δux = 10−3 mm and the pre-refined mesh.

(A)

(B) (C)

F I G U R E 13 Three-point bending test: (A) the sample geometry. Boundary conditions are applied such that the bottom left corner is
fixed in both x- and y-directions, and the bottom right corner is fixed in y-direction. A vertical displacement-controlled load uy is applied at
the center of the top edge. (B) The mesh is pre-refined along the anticipated crack propagation path (DoFs 54,957) and the mesh size is
h = 0.0031 mm (h∕l ≈ 0.4, l = 0.0075 mm). (C) The initial mesh with adaptive mesh refinement (DoFs 14,862).

technique, the phase-field refinement threshold is dthreshold = 0.2, and the maximum allowed ratio between the mesh
size and the phase-field length-scale is (h∕l)max = 0.5, which guarantees that there are at least three elements within the
phase-field length-scale. The displacement-controlled load increment inside each step is adopted as Δuy = 10−3 mm, and
the convergence of the L-BFGS iterations adopts the following set of criteria based on the absolute residuals and the
solution increments,

||r(i)u ||2 < tolu = 10−9, ||r(i)d ||2 < told = 10−9,||Δu(i)||2 < tolΔu = 10−9, ||Δd(i)||2 < tolΔd = 10−9.
(25)

Figure 14 compares the phase-field distributions at various load steps obtained from the pre-refined mesh and the
adaptively refined mesh, respectively. These two meshing strategies based on the proposed L-BFGS monolithic scheme
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(A) (B) (C)

(D) (E) (F)

F I G U R E 14 Comparison of the phase-field distributions at different displacement-controlled loading magnitudes uy (unit: mm).
(A)–(C) are obtained using the pre-refined mesh, and (D)–(F) are obtained using the adaptive mesh refinement. The viscosity parameter is
𝜂 = 0.0, and the load increment per step is Δuy = 0.001 mm. Only the domain of interest around the V-notch region is shown. (A) uy = 0.047
(pre-refine); (B) uy = 0.048 (pre-refine); (C) uy = 0.060 (pre-refine); (D) uy = 0.047 (AMR); (E) uy = 0.048 (AMR); (F) uy = 0.060 (AMR).

provide identical numerical results. Once initialized at the V-notch tip when the displacement-controlled load is uy =
0.048 mm, the crack propagates abruptly and stops at around y = 1.3 mm inside the beam. Subsequently, the crack slowly
grows inside the beam and reaches y = 1.55 mm when the displacement-controlled load is uy = 0.060 mm. Figure 15 com-
pares the force-displacement relationship obtained from the two meshing strategies. Since the crack abruptly propagates
at uy = 0.048 mm, the load bearing capacity of the beam is significantly reduced after the peak load during this critical
step. Figure 16 reports the convergence history of the total energy E(u, d) of the beam and the l2-norm of the residuals
ru(u, d) and rd(u, d) in the three-point bending test at uy = 0.048 mm using the pre-refined mesh. During this critical
load step, the L-BFGS monolithic scheme requires 2344 iterations to converge. As shown in Figure 16A, the total energy
of the beam consistently decreases after each L-BFGS iteration due to the applied strong Wolfe conditions and reaches a
plateau after 2000 iterations. However, at the 2000th iteration, the absolute residuals ru(u, d) and rd(u, d) are still large
(||ru(u, d)||2 ≈ 10−3 and ||rd(u, d)||2 ≈ 10−7), as shown in Figure 16B. Therefore, more iterations are required to reduce the
residuals to the prescribed tolerance shown in Equation (25). When the pre-refined mesh is used, during the critical time
(load) step, the fracture is initialized at the tip of the V-notch and propagates to the center of the beam within a single
step. This process is also manifested by the sudden drop of the reaction force as shown in Figure 15, which is consistent
with the nature of brittle fracture. Recall that no viscosity is introduced (𝜂 = 0.0) and the time (load) step does not need
to be reduced for the critical load step. This example demonstrates the robustness of the proposed monolithic scheme.
Figure 17 further reports the growth of the number of DoFs and the required L-BFGS iterations when the AMR is used
for the three-point bending test. Since the mesh is gradually refined as the fracture propagates, the required L-BFGS iter-
ations are significantly smaller than the ones required when the pre-refined mesh as shown in Figure 13B is used in the
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F I G U R E 15 The force-displacement relationships of the three-point bending test obtained using the pre-refined mesh and the
adaptively refined mesh. The crack brutally propagates after the peak load.

(A) (B)

F I G U R E 16 L-BFGS convergence history at the critical step (uy = 0.048 mm) of the three-point bending test: (A) Total energy and (B)
the residuals of the displacement equation and the phase-field equation obtained using the pre-refined mesh.

simulation. The wall-clock time needed for simulations based on both the pre-refined mesh and the adaptively refined
mesh is reported in Table 1 at the end of this section.

4.4 3D sphere inclusion test

In the last example, we use the proposed L-BFGS monolithic scheme to simulate the fracture propagation inside a 3D
cube containing a rigid sphere inclusion in the center under tension. Since 3D phase-field problems are computationally
expensive, we take advantage of the symmetries around the x-y plane, x-z plane, and y-z plane, and reduce the computa-
tional domain to one-eighth of the original domain. Figure 18 shows the geometry of the problem, which contains two
materials, the sphere inclusion and the surrounding matrix. The radius of the sphere inclusion (shown in red in Figure 18)
is 0.49 mm, and the edge length of the cubic matrix domain is 1.0 mm. The boundary conditions are applied such that
at the top surface (z = 1.0 mm), a displacement-controlled load uz is applied. At the surface x = 0, the displacement is
fixed in the x-direction. At the surface y = 0, the displacement is fixed in the y-direction. At the bottom surface z = 0.0,
the displacement is fixed in the z-direction.

The material parameters for the matrix include the Lamé parameters 𝜆 = 12.0 kN∕mm2 and 𝜇 = 8.0 kN∕mm2, the
critical energy release rate gc = 5.0 × 10−4 kN∕mm, and the small positive parameter k = 0.0 in the degradation function
g(d). A small viscosity parameter 𝜂 = 10−6 kN s∕mm2 is also adopted. The Lamé parameters 𝜆 = 12.0 × 105 kN∕mm2 and
𝜇 = 8.0 × 105 kN∕mm2 are used for the sphere inclusion to emulate the rigidness. The phase-field length-scale parameter
is chosen as l = 0.01 mm. Since the exact crack propagation path is unknown, it is prohibitively expensive to resolve the
selected phase-field length-scale across the entire computational domain. Therefore, the AMR is the only valid option.
Moreover, due to the drastically different material properties, the crack is expected to initialize near the interface between
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(A) (B)

F I G U R E 17 Adaptive mesh refinement at the critical step (uy = 0.048 mm) of the three-point bending test: (A) The growth of the
number of degrees of freedom (DoFs) and (B) the L-BFGS iterations required for convergence of each adaptive mesh refinement step.

F I G U R E 18 Tensile test of a cubic matrix containing a rigid sphere inclusion in the center. By using the symmetry to reduce the
computational cost, only one-eighth of the domain is modeled. The radius of the sphere inclusion (shown in red) is 0.49 mm, and the length
of the cubic domain is 1.0 mm. The boundary conditions are applied such that at the top surface (z = 1.0 mm), a displacement-controlled
load uz is applied. At the surface x = 0, the displacement is fixed in the x-direction. At the surface y = 0, the displacement is fixed in the
y-direction. At the bottom surface z = 0.0, the displacement is fixed in the z-direction.

the sphere inclusion and the surrounding matrix. Based on this information, the mesh is initially refined in a small region
near the inclusion-matrix interface so that the mesh size is h = 0.007812 mm. Figure 19A,B show the initial meshes
of the matrix and the sphere inclusion. Notice that the mesh only contains eight-node brick trilinear elements. Also,
the interface between the sphere inclusion and the surrounding matrix is smooth, so that no artificial stress concentra-
tion is introduced due to the spatial discretization. In the AMR technique, the phase-field refinement threshold is set as
dthreshold = 0.8, and the maximum allowed ratio between the mesh size and the phase-field length-scale is (h∕l)max = 0.8.
The displacement-controlled load increment inside each step is adopted as Δuz = 10−3 mm when the total displacement
uz is smaller than 0.011 mm, since the phase-field is small inside the domain and the sample exhibits a linear elastic behav-
ior. Subsequently, a smaller load increment Δuz = 2.0 × 10−4 mm is adopted to obtain the crack propagation process. The
convergence of the L-BFGS iterations adopts the same set of residual-based criteria shown in Equation (25).

Figure 20 demonstrates the phase-field distributions at the exterior surfaces of the 3D domain, inside the 3D domain,
and the corresponding adaptively refined mesh before and after the critical load step. The number of DoFs rapidly grows
from 56,224 in the initial mesh, as shown in Figure 20C, to 908,504 when the displacement-controlled load reaches uz =
0.012 mm, as shown in Figure 20F. This rapid growth of degree of freedom (DoF) number is expected since the mesh needs
to be adaptively refined in all three directions to maintain the prescribed ratio h∕l. Due to the nature of the brittle fracture,
once the crack is initialized near the interface between the sphere inclusion and the surrounding matrix, it propagates
brutally inside the matrix until reaching the exterior surfaces within the critical load step.
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(A) (B)

F I G U R E 19 The initial meshes of (A) the surrounding matrix and (B) the sphere inclusion. The mesh around the location where
fracture is expected to initialize is pre-refined such that the mesh size is h = 0.007812 mm. The mesh is adaptively refined as the crack
propagates.

(A) (B) (C)

(D) (E) (F)

F I G U R E 20 Phase-field distributions at various displacement-controlled loading magnitudes uz (unit: mm) for the 3D sphere
inclusion test. (A), (D) show the phase-field distribution across the computational domain. (B), (E) show the phase-field (d > 0.8)
distribution inside the 3D sample (the sphere inclusion is shown in color gray). (C), (F) show the adaptively refined mesh. The viscosity
parameter is 𝜂 = 10−6 kN s∕mm2, and the load increment per step is Δuz = 2.0 × 10−4 mm. (A) Phase-field (uz = 0.0118); (B) zoom-in
(d > 0.8); (C) mesh (56,224 DoFs); (D) phase-field (uz = 0.0120); (E) zoom-in (d > 0.8); (F) mesh (908,504 DoFs).
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28 of 37 JIN et al.

F I G U R E 21 The force-displacement relationship of the 3D sphere inclusion test. The viscosity parameter 𝜂 = 10−6 kN s∕mm2 is used
to regularize the crack propagation.

(A) (B)

(C) (D)

F I G U R E 22 For the 3D sphere inclusion test at uz = 0.0120 mm (the critical load step), (A) the growth of the number of DoFs and (B)
the L-BFGS iterations required for convergence for each adaptive mesh refinement step, the convergence history of (C) the total energy and
(D) the residuals of the displacement and the phase-field equations for the 12th refinement step (the worst case).

Figure 21 reports the force-displacement relationship obtained from the 3D sphere inclusion test. Since the crack
brutally propagates inside the matrix once it is initialized, the sample loses load bearing capacity during the critical step.
During the critical load step, the crack propagates inside the matrix in a brutal way. Therefore, multiple AMR steps are
required to resolve the phase-field length-scale as the crack propagates. Figure 22A shows the growth of the total number
of DoFs during the AMR process inside the critical load step, which grows from 56,224 DoFs in the initial mesh to 908,504
DoFs in the final mesh. Figure 22B shows the number of L-BFGS iterations required for convergence during each AMR
inside the critical load step. The highest number of L-BFGS iterations (287 iterations) happens at the 12th mesh refinement
step. Figure 22C,D show the convergence history of this worst-case refinement step inside the critical load step. Due to
the line search method based on the strong Wolfe conditions, the total energy consistently decreases until it reaches a
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F I G U R E 23 Two rigid box-barriers are added to the 3D sphere inclusion problem. The barriers have the same material properties as
the sphere inclusion.

plateau at around the 100th L-BFGS iteration. However, at this iteration, the absolute residuals ru(u, d) and rd(u, d) are
still large (||ru(u, d)||2 ≈ 10−5 and ||rd(u, d)||2 ≈ 10−8), as shown in Figure 22D. Therefore, more iterations are required to
reduce the residuals to the prescribed tolerance shown in Equation (25).

In order to demonstrate the performance of the proposed monolithic scheme when the brittle crack propagates and
forms a non-planar surface, two extra rigid box-barriers are added into the matrix, as shown in Figure 23. All the boundary
conditions and material parameters are kept the same as before, and the barriers have the same material properties as the
sphere inclusion. Figure 24 demonstrates the phase-field distributions at the exterior surfaces of the 3D domain, inside
the 3D domain, and the corresponding adaptively refined mesh before and after the critical load step. The number of DoFs
rapidly grows from 56,224 in the initial mesh, as shown in Figure 24C, to 975,136 when the displacement-controlled load
reaches uz = 0.012 mm, as shown in Figure 24F. Due to the presence of the two rigid box-barriers, the brutally propagated
crack forms a non-planar surface inside the matrix during the critical load step, as shown in Figure 24E. This example
highlights the necessity of the AMR technique for the phase-field formulation of crack propagation in 3D problems when
the crack propagation path is unknown a priori and potentially non-planar.

Figure 25 reports the force-displacement relationship obtained from the 3D sphere inclusion test containing the two
rigid box-barriers. Similar to the example without the extra barriers, the crack brutally propagates inside the matrix once
it is initialized and the sample loses load bearing capacity during the critical step. Figure 26 shows the required number of
AMR steps during the critical load step and the convergence history for the worse case. As shown in Figure 26A, the num-
ber of DoFs grows from 56,224 in the initial mesh to 975,136 in the final mesh after 20 AMRs. Also, after 15 AMRs, the
number of DoFs only slightly increases, indicating that the mesh change is insignificant subsequently. However, in order
to fulfill the mesh refinement criterion dictated by the phase-field threshold value dthreshold and the maximum allowed
h∕l ratio, the AMR is still performed after 15 refinement steps until the stop criterion is satisfied. Figure 26B reports the
number of L-BFGS iterations required for each AMR step. Due to the presence of the two rigid box-barriers, compar-
ing with the previous case, the monolithic scheme requires significantly more L-BFGS iterations for convergence when
the mesh around the rigid box-barriers is adaptively refined. However, the high number of L-BFGS iterations required
for convergence is also due to the prescribed strict convergence criteria based on both the residuals and the solution
increments.

In Figure 26B, we can see that the required number of L-BFGS iterations oscillates. Recall that the Lamé parameters
for the two box barriers are 105 times of the counterparts for the surrounding matrix. The first spike of L-BFGS iteration
number in Figure 26B happens at the 12th mesh refinement step requiring about 1200 iterations for convergence. This is
when the fracture front meets the first box barrier during the AMR and tries to go around it. The second spike happens at
the 15th mesh refinement step requiring about 1100 iterations for convergence. This is when the fracture front meets the
second box barrier and tries to go around it. Due to the huge difference between the material properties of the barriers
and the surrounding matrix, these spikes of required iterations are expected. In comparison, the required L-BFGS itera-
tions are much more consistent and smaller when there is no barrier on the fracture propagation path, see Figure 22B for
the case without box barriers. Figure 26C,D show the convergence history of the worst-case AMR step (the 12th refine-
ment step) inside the critical load step. Due to the line search method based on the strong Wolfe conditions, the total
energy consistently decreases until it reaches a plateau at around the 500th L-BFGS iteration. However, at this iteration,
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(A) (B) (C)

(D) (E) (F)

F I G U R E 24 Phase-field distributions at various displacement-controlled loading magnitudes uz (unit: mm) for the 3D sphere
inclusion test containing two extra rigid box-barriers. (A), (D) show the phase-field distribution across the computational domain. (B), (E)
show the phase-field (d > 0.8) distribution inside the 3D sample (the sphere inclusion and the two extra box-barriers are shown in color
gray). (C), (F) show the adaptively refined mesh. The viscosity parameter is 𝜂 = 10−6 kN s∕mm2, and the load increment per step is
Δuz = 2.0 × 10−4 mm. (A) Phase-field (uz = 0.0118); (B) zoom-in (d > 0.8); (C) mesh (56,224 DoFs); (D) phase-field (uz = 0.0120); (E)
zoom-in (d > 0.8); (F) mesh (975,136 DoFs).

F I G U R E 25 The force-displacement relationship of the 3D sphere inclusion test containing two extra rigid box-barriers. The viscosity
parameter 𝜂 = 10−6 kN s∕mm2 is used to regularize the crack propagation.
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(A) (B)

(C) (D)

F I G U R E 26 For the 3D sphere inclusion test containing two extra rigid box-barriers at uz = 0.0120 mm (the critical load step), (A) the
growth of the number of degrees of freedom (DoFs) and (B) the L-BFGS iterations required for convergence for each adaptive mesh
refinement step, the convergence history of (C) the total energy and (D) the residuals of the displacement and the phase-field equations for
the 12th refinement step (the worst case).

the absolute residuals ru(u, d) and rd(u, d) are still large (||ru(u, d)||2 ≈ 10−5 and ||rd(u, d)||2 ≈ 10−8). Therefore, more iter-
ations are required to reduce the residuals to the prescribed tolerance shown in Equation (25). Since the AMR technique
is used in this example, during the first L-BFGS iteration associated with a newly refined mesh, the initial solution is inter-
polated from the previous solve on the old mesh. As a result, the absolute residual for the first iteration is already quite
small (around 10−6 for the phase-field residual). Therefore, using a small relative residual, for instance, 10−9, as the con-
vergence criteria would make the absolute residual smaller than 10−15 needed for convergence. This extremely restrictive
convergence tolerance would not improve the solution quality while unnecessarily increasing the number of required
iterations. In fact, as shown in Figures 22D and 26D, the absolute residuals of the phase-field are still below 10−12 during
convergence when the absolute residuals are adopted in the convergence criteria.

4.5 Wall-clock time

In general, it is difficult to fairly compare the computational cost among various phase-field methods in the literature
even for the same test problem. Because there are so many factors that could influence the number of iterations required
for convergence and the simulation wall-clock time, such as the choice of the linear solver and preconditioner, the load
step sizes, the type of the convergence criteria and the prescribed tolerance, the level of intermediate output, as well as the
computer architecture used to perform the simulation and so forth. Therefore, we only show the computational cost of the
proposed L-BFGS monolithic scheme. Table 1 reports the number of DoFs and the wall-clock time for all the numerical
examples provided in this section. When the AMR technique is used in a simulation, both the DoFs for the initial mesh
and the DoFs for the final mesh are reported. Recall that at each L-BFGS iteration, the initial update of the inverse Hessian
approximation H = H0 = K̂−1 requires to solve a linear system containing the diagonal block matrix K̂. For 2D problems
where the size of the system is relatively small (less than 50,000 DoFs), the sparse direct solver UMFPACK† is adopted. For
the 3D sphere inclusion test, the conjugate-gradient (CG) iterative solver combined with a simple Jacobi preconditioner is
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T A B L E 1 Computational cost of all the numerical examples.

Example Mesh strategy No. DoFs Wall time (s)

Simple tension Pre-refine 16,401 1.693 × 102

AMR – –

Simple shear Pre-refine 135,849 4.128 × 103

AMR 3792 to 19,002 7.611 × 102

Three-point bending Pre-refine 54,957 2.217 × 104

AMR 14,862 to 39,477 8.240 × 103

Sphere inclusion Pre-refine – –

AMR 56,224 to 908,504 2.812 × 104

Sphere inclusion with
box-barriers

Pre-refine – –

AMR 56,224 to 975,136 4.763 × 105

used to solve the linear system. In all the numerical examples provided in this section, the prescribed convergence criteria
include both the residuals of the coupled nonlinear system and the magnitude of the solution increment. Obviously, the
choices of these tolerances will have an impact on the number of required iterations and wall-clock time. How to choose
these tolerances depend on the specific engineering applications and the aims of the work. Moreover, in all the numerical
examples provided in this article, we calculate many intermediate results during the nonlinear iterations and write them
to a log file. For instance, after each L-BFGS iteration, the total energy of the system (numerical integration across all the
elements) is calculated and written to the output log file. The wall-clock time could be further reduced by about 20% if
the output of intermediate results are turned off.

5 CONCLUSIONS AND FUTURE WORK

In this article, we propose a monolithic scheme based on the limited-memory BFGS method, or the L-BFGS method,
to solve the coupled system of the phase-field formulation for crack propagation simulations. The Newton-based mono-
lithic scheme, such as the Newton–Raphson method, encounters convergence difficulties due to the non-convexity of the
underlying total energy functional. The BFGS-based monolithic scheme, which is a type of quasi-Newton methods, can
overcome the convergence difficulties and is ideal for phase-field crack simulations. Comparing with the classical BFGS
method that updates the fully dense approximate Hessian matrix or its inverse, the L-BFGS method only requires to store
a few vector-pairs of length n, where n represents the number of DoFs in the finite element discretization. This reduced
memory requirement makes the L-BFGS method practical for not only phase-field crack propagation problems but also
for general finite element simulations.

The proposed L-BFGS monolithic scheme is further combined with an AMR technique.15 Several modifications are
introduced into the original refinement technique to improve the convergence behavior of the proposed L-BFGS mono-
lithic scheme. More importantly, a series of hanging nodes are generated at element interfaces during the AMR process.
These hanging-node constraints, together with the essential boundary conditions prescribed on the finite element mesh
boundaries, are treated as algebraic nodal constraints and can be easily incorporated into the L-BFGS approach through
two extract matrix-vector multiplications as shown in Algorithm 2.

The proposed L-BFGS monolithic scheme is extremely robust. There are two crucial ingredients for the L-BFGS
scheme to work. First, the line search method based on the strong Wolfe condition is applied at each iteration. This line
search procedure is crucial to ensure that the curvature condition Equation (15) is valid. Due to this curvature condition,
each BFGS update results in a positive-definite approximate Hessian Bk+1 (and its inverse Hk+1), as long as the initial
approximate Hessian B0 is positive definite. Indeed, the initial approximate Hessian used in this article is the diagonal
block matrix shown in Equation (13) and is indeed positive definite. Second, the search direction p is guaranteed to be a
descent direction even considering the hanging node constraints, see Equation (23) for the proof. This property ensures
the monotonically decrease of the total energy as demonstrated in all the numerical examples. We want to emphasize the
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importance of the strong Wolfe condition for the L-BFGS scheme. A line search based on the simple Armijo backtracking
technique does not ensure the positive-definiteness of the updated approximate Hessian.

Through several 2D and 3D numerical examples, we demonstrate the following features of the proposed L-BFGS
monolithic scheme. First, the scheme is accurate in the sense that the residuals of the displacement (force-balance)
equation and the phase-field equation can both satisfy a set of stringent convergence criteria simultaneously and ensure
that the crack propagation obtained from the fully coupled system is not delayed, which is a common problem in the
staggered approach. Second, the scheme is robust in the sense that it converges without the necessity of adjusting the
magnitude of the load increment (time step size) during the critical load step, when the crack propagates rapidly in a
brutal way. Third, the scheme is efficient regarding both the memory consumption and the wall-clock time due to the
limited-memory feature and the AMR technique. Lastly, the scheme and its implementation are dimension-independent
and can be used for both 2D and 3D crack propagation simulations.

In the current work, the proposed L-BFGS monolithic scheme is based on the phase-field formulation that enforces the
phase-field irreversibility through the history variable of the maximum positive strain energy .13 Despite of the conve-
nience due to the introduction of this history variable, there is an inconsistency between the underlying energy functional
and the weak form, in which the positive strain energy𝜓+ is replaced by the history variable. Our future work will focus
on combining the proposed L-BFGS monolithic scheme with a more rigorous mathematical treatment of the phase-field
irreversibility condition, such as the primal-dual active set method15 or the interior-point method.20 We envision that this
improved phase-field formulation will overcome the numerical difficulties arising from the non-convexity of the energy
functional, improve the computational efficiency regarding both the required memory and wall-clock time through the
limited-memory feature as well as the AMR, and rigorously impose the damage irreversibility condition.
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APPENDIX A. PROJECTION TENSORS

Recall that the spectrum decomposition of the strain tensor 𝝐 is expressed as

𝝐 =
∑
𝛼

𝜖𝛼M𝛼, M𝛼 = n𝛼 ⊗ n𝛼,

where 𝜖𝛼 and n𝛼 represent a pair of eigenvalue and eigenvector. The positive and negative parts of the strain tensor are
defined as,

𝝐
+ =

∑
𝛼

⟨𝜖𝛼⟩+M𝛼, 𝝐
− =

∑
𝛼

⟨𝜖𝛼⟩−M𝛼.

Furthermore, we introduce the following function definitions:

⟨x⟩+ = 1
2
(x + |x|), ⟨x⟩− = 1

2
(x − |x|), H(x) =

{
1 x ≥ 0,
0 x < 0.

The expressions of the two projection tensors P+ and P− are based on the work by Miehe and Lambrecht.46,47 First, a
fourth-order tensor is defined as

G𝛼𝛽 = n𝛼 ⊗ n𝛽 ⊗ n𝛼 ⊗ n𝛽 + n𝛼 ⊗ n𝛽 ⊗ n𝛽 ⊗ n𝛼.

For the expression of P+, we introduce the scalar

𝜗+
𝛼𝛽

=
⎧⎪⎨⎪⎩

⟨𝜖𝛼⟩+−⟨𝜖𝛽⟩+
𝜖𝛼−𝜖𝛽

, if 𝜖𝛼 ≠ 𝜖𝛽,

H(𝜖𝛼 )+H(𝜖𝛽 )
2

, if 𝜖𝛼 = 𝜖𝛽.

Then,

P
+ = 𝜕𝝐+

𝜕𝝐
=
∑
𝛼

H(𝜖𝛼)M𝛼 ⊗M𝛼 +
1
2
∑
𝛼

∑
𝛽≠𝛼
𝜗+
𝛼𝛽

G𝛼𝛽 + G𝛽𝛼

2
.
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For the expression of P−, we introduce the scalar

𝜗−
𝛼𝛽

=
⎧⎪⎨⎪⎩

⟨𝜖𝛼⟩−−⟨𝜖𝛽⟩−
𝜖𝛼−𝜖𝛽

, if 𝜖𝛼 ≠ 𝜖𝛽,

H(−𝜖𝛼 )+H(−𝜖𝛽 )
2

, if 𝜖𝛼 = 𝜖𝛽.

Then,

P
− = 𝜕𝝐−

𝜕𝝐
=
∑
𝛼

H(−𝜖𝛼)M𝛼 ⊗M𝛼 +
1
2
∑
𝛼

∑
𝛽≠𝛼
𝜗−
𝛼𝛽

G𝛼𝛽 + G𝛽𝛼

2
.

The fourth-order projection tensors P+ and P− have the following properties:

P
+ ∶ 𝝐 = 𝝐

+, P
+ ∶ 𝝐

+ = 𝝐
+, P

− ∶ 𝝐 = 𝝐
−, P

− ∶ 𝝐
− = 𝝐

−,

and

P
+ ∶ 𝝐

− = 0, P
− ∶ 𝝐

+ = 0.

APPENDIX B. PROOF OF IDEMPOTENT PROPERTY OF LINEAR CONSTRAINTS

In order to prove for the idempotent property of the linear constraint matrix C2 = C, we assume that all the interdepen-
dence among the linear constraints is properly resolved. For instance, if

x1 = c12x2 + c13x3 + · · · ,
x2 = c23x3 + c24x4 + · · · ,

we can simply eliminate the second constraint by plugging the second equation into the first one and obtain

x1 = c12(c23x3 + c24x4 + · · · ) + c13x3 + · · · .

The linear constraint matrix C can be expressed as

C = I − Idc + Ĉ,

where I is the identity matrix, Idc is defined in Equation (22), and Ĉ contains all the non-zero constraint coefficients
{

cij
}

.
After all the interdependence among the linear constraints is properly resolved, it can be easily shown that for the jth
coefficient ckj associated with the linear constraint on the kth degree of freedom,

ckj ≠ 0 ⇒ cjl = 0 ∀ l = 1, … ,n and
(
Idc

)
jj = 0. (B1)

That is, the jth row in Ĉ are all zeros, and the jth diagonal entry of Idc is zero. On the other hand, we have

C2 =
(
I − Idc + Ĉ

)
⋅
(
I − Idc + Ĉ

)
= I − Idc + Ĉ − Idc + Idc ⋅ Idc − Idc ⋅ Ĉ + Ĉ − Ĉ ⋅ Idc + Ĉ ⋅ Ĉ.

We can easily verify that

Idc ⋅ Idc = Idc , Idc ⋅ Ĉ = Ĉ.
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Furthermore, (
Ĉ ⋅ Idc

)
ij =

∑
k

cik
(
Idc

)
kj = cij

(
Idc

)
jj = 0,

and

(Ĉ ⋅ Ĉ)ij =
∑

k
cikckj = 0.

The above two equations are based on the property shown in Equation (B1). As a result,

C2 =
(
I − Idc + Ĉ

)
⋅
(
I − Idc + Ĉ

)
= I − Idc + Ĉ − Idc + Idc ⋅ Idc − Idc ⋅ Ĉ + Ĉ − Ĉ ⋅ Idc + Ĉ ⋅ Ĉ
= I − Idc + Ĉ − Idc + Idc − Ĉ + Ĉ − 0 + 0
= I − Idc + Ĉ
= C.

The idempotent property of the linear constraint matrix C is proven.
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