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Thermal barrier coating (TBC) systems have long been used in many engineering applications, such 
as jet engines and gas turbines. One pressing task is to evaluate their performance and integrity 
under long-term thermal cycles. This task requires an accurate and efficient time integration 
technique that is unconditionally stable, since large time steps are required to simulate TBC 
systems under long-term thermal effects. In this work, we present in detail several numerical 
methods to model the thermomechanically coupled responses of TBC systems, including a 
monolithic approach and two staggered approaches based on the isothermal split and the adiabatic 
split, respectively. We also demonstrate several finite element simulation techniques, such as the 
periodic boundary conditions and the adaptive mesh refinement, in the modeling of TBC systems. 
Through several numerical examples, we show that the staggered approach based on the adiabatic 
split preserves the unconditional stability of individual time integration techniques used for the 
mechanical phase and the thermal phase of the coupled problem. Moreover, the computational 
cost is significantly lower compared to the monolithic approach. This work provides an efficient 
time integration approach to model more complex behaviors of TBC systems under long-term 
thermal cycles.

1. Introduction

Thermal barrier coating (TBC) system is an essential component in jet engines and power generation gas turbines that operate 
in a demanding high-temperature environment for more efficient performance as well as reduced emission and noise [1]. TBC is a 
highly complex multi-layer metal-ceramic system. Due to the low thermal conductivity of the ceramic layer, TBC is capable to reduce 
the surface temperature of the underlying super-alloy structures and thus prolong the lifespan of the entire engine or turbine system.

A TBC system typically consists of four components from the outside towards inside of the protected part [1–4]: a ceramic top 
coat (TC) layer made of low thermal conductivity materials providing thermal protection by reducing heat flow to the underlying 
substrate, a thermally grown oxide (TGO) layer made of dense aluminum oxide and retarding subsequent oxidation, a bond coat (BC) 
layer increasing adhesion strength and reducing thermal expansion mismatch between the ceramic TC and the metallic substrate, and 
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a super-alloy substrate layer, commonly nickel-based or cobalt-based, carrying mechanical loads. The chemical components of a TBC 
system are quite complex. For instance, the top coat (TC) ceramic layer typically has 10 - 25% porosity and is composed of zirconia 
(ZrO2) partially stabilized with ∼6 - 8 wt-% yttria (Y2O3), generally referred as YSZ, 7YSZ or 6-8YSZ. The bond coat (BC) layer is 
mainly formed by 100 - 200 μm thick two phase overlay 𝛾+𝛽 MCrAlX (M can be Ni, Co or combination of them, and X represents 
Y, Hf , Si or other minor additives such as Re), for instance, NiCoCrAlY, or single phase 𝛽 - NiAl or Pt modified 𝛽-NiAl (thickness 
is limited to ∼40 - 60 μm). In addition, the thermally grown oxide (TGO) layer is typically composed of < 10 μm thick 𝛼-Al2O3 scale 
sourced from oxidization of aluminum in BC when exposed over 700 ◦C [5,6]. Generally speaking, the oxidation resistance of the 
TGO layer is protective for underlying layers, because TGO can delay the diffusion of the cations and oxygen by functioning as a 
barrier, but also reduce the infiltration of molten salt and the corrosion of the underlying substrate [6]. Moreover, Ramesh et al. [7]
reported that the bonding strength, hardness, corrosion, and oxidation resistance of YSZ with Al2O3 are enhanced compared to the 
one with YSZ alone. On the other hand, during service under high temperature, the increasing thickness of TGO by further oxidation 
generally can be considered as an important factor resulting in failure and limiting the lifespan of TBCs [8]. Due to the formation 
of TGO, the adhesive strength of the bond coat (BC) decreases, and the thermal stress due to the mismatch of thermal expansion 
coefficients between the top coat (TC) and TGO increases [7].

TBC systems are commonly deposited by one of the two processes, the electron beam physical vapor deposition (EB-PVD) process 
that is typically used on dynamic parts of jet turbine engines, or the air plasma spray (APS) process that is typically used on stationary 
parts of gas turbine engines [9,10]. The typical micro-structures of EB-PVD and APS TBCs are different: the EB-PVD TBCs exhibit 
vertical columnar, micron-sized width (∼2 - 10 μm) structure, while the APS TBCs have porous and lamellar structure as well as 
overlapping splats composed parallel to the substrate [11]. More recently, the APS-based suspension plasma spray (SPS) shows great 
promises to replace the EB-PVD for turbine blades due to its lower cost and versatility [12]. Some micro-structures of SPS TBCs are 
similar to the ones of ASP TBCs.

Numerical simulation, especially the finite element method (FEM), provides an effective tool to evaluate the overall performance 
of the TBC systems under various environmental and operating conditions, and more importantly, investigate the potential failure 
mechanisms that are multi-physics and multi-scale processes [13–16]. There are many research efforts in the literature focusing on 
applying different numerical techniques to study the TBC systems. Through a finite element analysis, Shi et al. [17] reported that 
the concentration of the tensile stress normal to the TGO/BC interface may lead to the delamination or spallation of the TBC. Lee 
et al. [18] employed the FEM to investigate the impact of residual stress by considering the quenching stresses during the plasma 
spraying deposition of TBCs followed by cooling down to the room temperature. They showed that the residual stress concentration 
occurred at the interfaces between dissimilar materials, and the residual stress was greater at the TC/BC interface than the one at the 
BC/substrate interface. Nayebpashaee et al. [19] constructed a micro-mechanical based FEM from the SEM images to simulate the 
residual stress distribution and the fracture mode. Simulation of fracture initiation and propagation in the TBC systems is another 
important topic [20]. The typical numerical techniques include the virtual crack closure technique [21,22], the cohesive zone method 
[23–25], the extended finite element method [26], and the phase-field model [27–29]. More recently, machine learning is applied to 
predict the thermal conductivity in the TBC systems [30].

In order to evaluate the long-term performance and structural integrity of TBC systems, a computationally efficient and uncon-
ditionally stable time integration technique is essential to accurately simulate the thermomechanically coupled responses of TBC 
systems under cyclical thermal loading conditions. In this paper, we focus on accomplishing the following two tasks. First, we present 
in detail the numerical techniques used to simulate the thermomechanically coupled responses of TBC systems, including the fi-
nite element discretization and the time integration techniques derived from a monolithic approach and two staggered approaches 
based on the isothermal split and the adiabatic split [31], respectively. The detailed presentations of individual block matrices in 
the assembled linear system can facilitate the development of the finite element procedure to simulate the transient behavior of the 
thermomechanically coupled system in any commercial or open-source finite element packages. Second, we apply the monolithic 
approach and the staggered approach to investigate the thermomechanically coupled behavior of the thermal barrier coating (TBC) 
systems. Particularly, we discuss about the impact of stiff boundary conditions and the technique of adaptive mesh refinement in 
the finite element simulation of TBC systems. We recognize that TBC systems are highly complex and may exhibit inelastic behav-
iors such as plasticity and fracture during operations. However, for the current purpose of this research, we exclusively focus on 
the thermoelastic responses in our finite element simulations. With the provided numerical examples, we aim to demonstrate the 
advantages of the staggered approach based on the adiabatic split, which not only preserves the unconditional stability of individual 
time integration techniques employed for the mechanical phase and the thermal phase, but also provides accurate numerical results 
with a significantly lower computational cost compared to the monolithic approach. These advantages are especially appealing for 
three-dimensional finite element simulations of TBC systems under long-term cyclic thermal loading conditions that have a large 
number of degrees of freedom and require large time steps.

The remaining paper is organized as follows. In Section 2, we provide the partial differential equations that govern the thermome-
chanically coupled system and the corresponding boundary and initial conditions. Then, we present the semi-discrete weak forms of 
the monolithic approach and the staggered approaches based on the isothermal split and the adiabatic split, which are subsequently 
discretized by different time integration techniques. Subsequently, we provide the detailed expression of each block matrix in the 
linear systems derived from the monolithic approach and the two staggered approaches, respectively, which are required by the finite 
element simulations of the subsequent numerical examples. In Section 3, we use a two-dimensional numerical example to demon-
strate that the staggered approach based on the adiabatic split can provide accurate numerical results as the monolithic approach. 
Moreover, it preserves the unconditional stability of individual time integration techniques [31], such as the Crank-Nicolson method 
and the backward Euler method that are used in the mechanical and thermal phases, whereas the isothermal split is only condition-
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ally stable. In Section 4, we apply the monolithic approach and the staggered approach based on the adiabatic split to investigate 
the thermomechanical response of a TBC system. Particularly, we discuss in detail about several simulation techniques, such as the 
periodic boundary conditions and the adaptive mesh refinement, in the context of the finite element simulation of the TBC system. 
By comparing the computational cost associated with different methods, we demonstrate the superior computational efficiency of the 
staggered approach based on the adiabatic split. In Section 5, we summarize the conclusions of this work and discuss about several 
avenues to further improve the presented method in the context of TBC finite element simulations, particularly for the damage and 
failure analysis of TBC systems under long-term cyclic thermal loading conditions. The numerical methods presented in this paper are 
implemented in deal.II [32], which is an open-source finite element library. In order to support the efforts of open-source software 
and reproducible research, all the source codes developed in this paper are hosted on GitHub.1

2. Computational framework and numerical implementations

In this section, we first introduce the partial differential equations (PDEs) along with the boundary conditions and initial condi-
tions that govern the thermomechanically coupled material behaviors. Then, we illustrate a monolithic approach and two staggered 
approaches that are based on the so-called isothermal split and adiabatic split originally proposed by Armero and Simo [31]. In 
particular, we present in detail the finite element technique for the spatial discretization and various time integration techniques for 
the temporal discretization based on the above approaches, respectively. We explicitly provide the linear systems derived from each 
approach for the convenience of finite element implementations.

2.1. Governing equations

We consider a continuum body  occupying a region Ω ∈ ℝ𝑛 undergoes a deformation and temperature change during a time 
interval  = [0, 𝑇 ]. The primary unknowns of the continuum body  are the displacement field 𝒖(𝒙, 𝑡) and the temperature field 
Θ(𝒙, 𝑡), which are functions of both location 𝒙 ∈Ω and time 𝑡 ∈  . The governing partial differential equations (PDEs) can be derived 
from the balances of momentum and energy in thermodynamics, which are expressed as{

𝜌𝒖̈ = div𝝈 + 𝜌𝒃

Θ𝜂̇ = −div𝒒 + 𝑟
in Ω× [0, 𝑇 ], (1)

where 𝒖̈ represents the acceleration field, 𝝈 represents the Cauchy stress field, the symmetry of which indicates the balance of angular 
momentum, 𝜌 is the material density, 𝒃 represents the body force per unit mass, 𝜂 represents the entropy per unit volume, 𝒒 is the heat 
flux, and 𝑟 is the heat source. We introduce a reference temperature Θref , such that Θ = 𝜗 +Θref , where 𝜗 is the relative temperature 
field.

For the displacement field 𝒖, the external boundary 𝜕Ω is decomposed into two disjoint parts Γ𝒖 and Γ𝒕, such that Γ𝒖 ∪ Γ𝒕 = 𝜕Ω
and Γ𝒖 ∩ Γ𝒕 =∅. Similarly, for the temperature field Θ, the external boundary 𝜕Ω is decomposed into two disjoint parts Γ𝜗 and Γ𝒒 , 
such that Γ𝜗 ∪ Γ𝒒 = 𝜕Ω and Γ𝜗 ∩ Γ𝒒 = ∅. The PDEs shown in Eq. (1) are subject to the following essential and natural boundary 
conditions

⎧⎪⎪⎨⎪⎪⎩

𝒖 = 𝒖̂ on Γ𝒖 × [0, 𝑇 ]

𝜗 = 𝜗̂ on Γ𝜗 × [0, 𝑇 ]

𝝈𝒏 = 𝒕̂ on Γ𝒕 × [0, 𝑇 ]

𝒒𝒏 = 𝑞 on Γ𝒒 × [0, 𝑇 ]

where 𝒖̂ and ̂𝒕 are the prescribed displacement field and the traction force field on Γ𝒖 and Γ𝒕, and 𝜗̂ and 𝑞 are the prescribed (relative) 
temperature field and the heat flux on Γ𝜗 and Γ𝒒 . Since the deformation and the temperature of the continuum body also depend on 
time, the following set of initial conditions are provided,

⎧⎪⎨⎪⎩
𝒖 = 𝒖0

𝒖̇ = 𝒗0

𝜗 = 𝜗0

in Ω̄ × {0}.

The deformation of the continuum body is assumed to be small, and the following linear relationship between the displacement 
field 𝒖 and the strain field 𝝐 is adopted,

𝝐 = 𝛁𝒖+ (𝛁𝒖)T
2

= 𝛁(s)𝒖.

For the heat conduction, we adopt the Fourier’s law,

1 https://github .com /taojinllnl /SmallDeformationThermoMechanicalCoupling.
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𝒒 = −𝜿𝛁Θ= −𝜿𝛁𝜗,

where 𝜿 is the thermal conductivity tensor.
For the thermomechanically coupled problem, the following free energy function is adopted to describe the material constitutive 

behavior,

Ψ(𝝐, 𝜗) = 1
2
𝝐 ∶ℂ ∶ 𝝐 − 𝜗𝒎 ∶ 𝝐 − 1

2
𝑐

Θref
𝜗2, (2)

where ℂ is the fourth-order material tensor representing the material mechanical behavior, 𝒎 is a 2nd-order tensor representing the 
strength of the thermomechanical coupling, and 𝑐 is the heat capacity (𝑐 = 𝑐s𝜌, where 𝑐s is the specific heat capacity and 𝜌 is the 
material density). Based on the basics of thermodynamics, we can obtain the Cauchy stress as

𝝈 = 𝜕Ψ
𝜕𝝐

=ℂ ∶ 𝝐 − 𝜗𝒎 (3)

and the entropy that is work-conjugate to the temperature field as

𝜂 = − 𝜕Ψ
𝜕Θ

=𝒎 ∶ 𝝐 + 𝑐

Θref
𝜗. (4)

Using the above constitutive relationships and introducing the velocity 𝒗 as an extra unknown field, we recast the governing PDEs 
as ⎧⎪⎪⎨⎪⎪⎩

𝒖̇ = 𝒗

𝒗̇ = 1
𝜌
div (ℂ ∶ 𝝐 − 𝜗𝒎) + 𝒃

𝜗̇ = 1
𝑐
div (𝜿̄𝛁𝜗) − 1

𝑐
𝒎 ∶𝛁𝒗+ 𝑟

𝑐

in Ω× [0, 𝑇 ], (5)

where 𝑐 = 𝑐∕Θref and 𝜿̄ = 𝜿∕Θref . In order to numerically solve the above coupled PDEs, we adopt the method of lines (an alternative 
approach is the Rothe’s method). That is, we first use the finite element method to discretize the spatial domain and obtain a set 
of semi-discrete ordinary differential equations (ODEs). Then, we solve these ODEs via certain time integration techniques. We use 
𝛿𝒖 for the test function of the displacement field, 𝛿𝒗 for the test function of the velocity field, and 𝛿𝜗 for the temperature field, 
respectively. During a typical time step [𝑡𝑛, 𝑡𝑛+1], where Δ𝑡 = 𝑡𝑛+1 − 𝑡𝑛 is the time increment, we use (∙)(𝑛) to represent quantities at 
the beginning of the time step that are assumed to be known, and (∙)(𝑛+1) to represent quantities at the end of the time step that need 
to be solved.

2.2. Monolithic approach

For the monolithic approach, we obtain the unknowns {𝒗,𝒖, 𝜗}(𝑛+1) by solving the fully coupled linear system simultaneously. To 
derive the fully coupled linear system, we first use the finite element method to discretize the spatial domain. We multiply the test 
functions {𝛿𝒗, 𝛿𝒖, 𝛿𝜗} on both sides of the governing PDEs,

⎧⎪⎪⎨⎪⎪⎩

(𝛿𝒗, 𝒖̇) = (𝛿𝒗, 𝒗)

(𝛿𝒖, 𝒗̇) =
(
𝛿𝒖,

1
𝜌
div (ℂ ∶ 𝝐 − 𝜗𝒎)

)
+ (𝛿𝒖, 𝒃)(

𝛿𝜗, 𝜗̇
)
=
(
𝛿𝜗,

1
𝑐
div(𝜿̄𝛁𝜗)

)
−
(
𝛿𝜗,

1
𝑐
𝒎 ∶𝛁𝒗

)
+
(
𝛿𝜗,

𝑟

𝑐

) (6)

where

(∙, ∙) = ∫
Ω(𝑒)

(∙)(∙)d𝑉

stands for the bilinear form of the element integration.
Following the standard procedures such as integration by parts and the divergence theorem, we obtain the following weak form⎧⎪⎪⎪⎨⎪⎪⎪⎩

(𝛿𝒗, 𝒖̇) = (𝛿𝒗, 𝒗)

(𝛿𝒖, 𝒗̇) +
(
𝛁𝛿𝒖, 1

𝜌
(ℂ ∶ 𝝐 − 𝜗𝒎)

)
= (𝛿𝒖, 𝒃) +

(
𝛿𝒖,

1
𝜌
𝒕̂

)
Γ𝒕(

𝛿𝜗, 𝜗̇
)
+
(
𝛁𝛿𝜗, 1

𝑐
𝜿̄𝛁𝜗

)
+
(
𝛿𝜗,

1
𝑐
𝒎 ∶ 𝛁𝒗

)
=
(
𝛿𝜗,

𝑟

𝑐

)
−
(
𝛿𝜗,

𝑞

𝑐

)
Γ𝒒

(7)

The above weak form is only semi-discrete, meaning that it is discretized in the spatial domain but still continuous in the temporal 
domain. We use the Crank-Nicolson method as the time integrator to obtain an ODE system. We denote quantities at the middle of 
the time step as
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(∙)(𝑛+
1
2 ) = (∙)(𝑛) + (∙)(𝑛+1)

2
. (8)

According to the Crank-Nicolson method, we have(
𝛿𝒗,

𝒖(𝑛+1) − 𝒖(𝑛)

Δ𝑡

)
=
(
𝛿𝒗, 𝒗

(𝑛+ 1
2 )
)
, (9)

(
𝛿𝒖,

𝒗(𝑛+1) − 𝒗(𝑛)

Δ𝑡

)
+
⎛⎜⎜⎝𝛁𝛿𝒖,

[
1
𝜌
(ℂ ∶ 𝝐 − 𝜗𝒎)

](𝑛+ 1
2 )⎞⎟⎟⎠ =

(
𝛿𝒖, 𝒃

(𝑛+ 1
2 )
)
+
(
𝛿𝒖,

1
𝜌
𝒕̂
(𝑛+ 1

2 )
)
Γ𝒕
, (10)

and (
𝛿𝜗,

𝜗(𝑛+1) − 𝜗(𝑛)

Δ𝑡

)
+
(
𝛁𝛿𝜗, 1

𝑐
𝜿̄𝛁𝜗(𝑛+

1
2 )
)
+
(
𝛿𝜗,

1
𝑐
𝒎 ∶𝛁𝒗(𝑛+

1
2 )
)
=

(
𝛿𝜗,

𝑟
(𝑛+ 1

2 )

𝑐

)
−

(
𝛿𝜗,

𝑞
(𝑛+ 1

2 )

𝑐

)
Γ𝒒

. (11)

Rearranging the above equations, we can obtain the fully discretized system as(
𝛿𝒗, 𝒖(𝑛+1)

)
− Δ𝑡

2
(
𝛿𝒗, 𝒗(𝑛+1)

)
=
(
𝛿𝒗, 𝒖(𝑛)

)
+ Δ𝑡

2
(
𝛿𝒗, 𝒗(𝑛)

)
, (12)(

𝛿𝒖, 𝒗(𝑛+1)
)
+ Δ𝑡

2

(
𝛁𝛿𝒖, 1

𝜌
ℂ ∶ 𝝐(𝒖(𝑛+1))

)
− Δ𝑡

2

(
𝛁𝛿𝒖, 1

𝜌
𝜗(𝑛+1)𝒎

)
=
(
𝛿𝒖, 𝒗(𝑛)

)
− Δ𝑡

2

(
𝛁𝛿𝒖, 1

𝜌
ℂ ∶ 𝝐(𝒖(𝑛))

)
+ Δ𝑡

2

(
𝛁𝛿𝒖, 1

𝜌
𝜗(𝑛)𝒎

)
+Δ𝑡

(
𝛿𝒖, 𝒃

(𝑛+ 1
2 )
)
+Δ𝑡

(
𝛿𝒖,

1
𝜌
𝒕̂
(𝑛+ 1

2 )
)

Γ𝒕
,

(13)

and (
𝛿𝜗, 𝜗(𝑛+1)

)
+ Δ𝑡

2

(
𝛁𝛿𝜗, 1

𝑐
𝜿̄𝛁𝜗(𝑛+1)

)
+ Δ𝑡

2

(
𝛿𝜗,

1
𝑐
𝒎 ∶𝛁𝒗(𝑛+1)

)
=
(
𝛿𝜗, 𝜗(𝑛)

)
− Δ𝑡

2

(
𝛁𝛿𝜗, 1

𝑐
𝜿̄𝛁𝜗(𝑛)

)
− Δ𝑡

2

(
𝛿𝜗,

1
𝑐
𝒎 ∶ 𝛁𝒗(𝑛)

)
+Δ𝑡

(
𝛿𝜗,

𝑟
(𝑛+ 1

2 )

𝑐

)
−Δ𝑡

(
𝛿𝜗,

𝑞
(𝑛+ 1

2 )

𝑐

)
Γ𝒒

.

(14)

Recall that {𝒗,𝒖, 𝜗}(𝑛) are known at the beginning of the time step, we can obtain the solutions at the end of the time step by solving 
the linear system

⎛⎜⎜⎝
𝐊𝒗𝒗 𝐊𝒗𝒖 𝐊𝒗𝜗

𝐊𝒖𝒗 𝐊𝒖𝒖 𝐊𝒖𝜗

𝐊𝜗𝒗 𝐊𝜗𝒖 𝐊𝜗𝜗

⎞⎟⎟⎠
⎛⎜⎜⎝
𝒗

𝒖

𝜗

⎞⎟⎟⎠
(𝑛+1)

=
⎛⎜⎜⎝
𝑭𝒗

𝑭 𝒖

𝑭 𝜗

⎞⎟⎟⎠ . (15)

Let the subscripts 𝑖 and 𝑗 represent the finite element nodal numbers. Each entry of the above block matrices can be written as

(𝐊𝒗𝒗)𝑖𝑗 = −Δ𝑡
2

(
𝛿𝒗𝑖, 𝛿𝒗𝑗

)
, (𝐊𝒗𝒖)𝑖𝑗 = (𝛿𝒗𝑖, 𝛿𝒖𝑗 ), 𝐊𝒗𝜗 = 𝟎,

(𝐊𝒖𝒗)𝑖𝑗 = (𝛿𝒖𝑖, 𝛿𝒗𝑗 ), (𝐊𝒖𝒖)𝑖𝑗 =
Δ𝑡
2

(
𝛁𝛿𝒖𝑖,

1
𝜌
ℂ ∶ 𝛁𝛿𝒖𝑗

)
, (𝐊𝒖𝜗)𝑖𝑗 = −Δ𝑡

2

(
𝛁𝛿𝒖𝑖,

1
𝜌
𝒎𝛿𝜗𝑗

)
,

(𝐊𝜗𝒗)𝑖𝑗 =
Δ𝑡
2

(
𝛿𝜗𝑖,

1
𝑐
𝒎 ∶ 𝛁𝛿𝒗𝑗

)
, 𝐊𝜗𝒖 = 𝟎T, (𝐊𝜗𝜗)𝑖𝑗 = (𝛿𝜗𝑖, 𝛿𝜗𝑗 ) +

Δ𝑡
2

(
𝛁𝛿𝜗𝑖,

1
𝑐
𝜿̄𝛁𝜗𝑗

)
,

and

(𝑭𝒗)𝑖 =
(
𝛿𝒗𝑖, 𝒖

(𝑛))+ Δ𝑡
2

(
𝛿𝒗𝑖, 𝒗

(𝑛)) ,
(𝑭𝒖)𝑖 =

(
𝛿𝒖𝑖, 𝒗

(𝑛))− Δ𝑡
2

(
𝛁𝛿𝒖𝑖,

1
𝜌
ℂ ∶ 𝝐(𝒖(𝑛))

)
+ Δ𝑡

2

(
𝛁𝛿𝒖𝑖,

1
𝜌
𝜗(𝑛)𝒎

)
+Δ𝑡

(
𝛿𝒖𝑖, 𝒃

(𝑛+ 1
2 )
)
+Δ𝑡

(
𝛿𝒖𝑖,

1
𝜌
𝒕̂
(𝑛+ 1

2 )
)
Γ𝒕
,

(𝑭 𝜗)𝑖 =
(
𝛿𝜗𝑖, 𝜗

(𝑛))− Δ𝑡
2

(
𝛁𝛿𝜗𝑖,

1
𝑐
𝜿̄𝛁𝜗(𝑛)

)
− Δ𝑡

2

(
𝛿𝜗𝑖,

1
𝑐
𝒎 ∶𝛁𝒗(𝑛)

)
+Δ𝑡

(
𝛿𝜗𝑖,

𝑟
(𝑛+ 1

2 )

𝑐

)
−Δ𝑡

(
𝛿𝜗𝑖,

𝑞
(𝑛+ 1

2 )

𝑐

)
Γ𝒒

.

Notice that the above fully coupled linear system is unsymmetric.

2.3. Staggered approach

Instead of forming the fully coupled thermomechanical problem as a monolithic system, which typically results in an unsymmetric 
stiffness matrix and more expensive computational cost due to the size of the linear system, an alternative approach is to solve 
the thermomechanical problem following a staggered approach. That is, the fully coupled thermomechanical problem is split into 
two sub-problems, a mechanical sub-problem and a thermal sub-problem. Comparing with the monolithic approach, the staggered 
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approach has several advantages. First, each sub-problem forms a smaller linear system that is typically symmetric. For problems 
with a large number of unknowns, in which iterative linear solvers would be more efficient than direct solvers, common iterative 
linear solvers such as the conjugate-gradient method can be easily applied. More importantly, unlike the monolithic approach in 
which a single type of time integration technique has to be applied to both fields (displacement and temperature in this case), the 
staggered approach is more flexible in the sense that different time integration techniques can be applied to individual unknown 
fields. Despite of the aforementioned advantages, if not designed carefully, the staggered approach may become only conditionally 
stable even enough the time integration technique applied to each field is unconditionally stable. In this section, we provide the finite 
element implementation details for two popular staggered schemes, the conditionally stable isothermal split and the unconditionally 
stable adiabatic split originally proposed by Armero and Simo [31]. For detailed numerical analysis about the stability of these two 
schemes, interested readers are referred to the work by Armero and Simo [31].

2.3.1. Isothermal split

According to the isothermal split, the semi-discrete weak form of the coupled thermomechanical system, as shown in Eq. (7), is 
partitioned into a mechanical phase and a thermal phase. In the mechanical phase of a typical time step [𝑡𝑛, 𝑡𝑛+1], the temperature is 
assumed to be constant (that is why it is called “isothermal”) and the displacement field is updated, that is,

{𝒗(𝑛),𝒖(𝑛), 𝜗(𝑛)}⟶ {𝒗(𝑛+1),𝒖(𝑛+1), 𝜗(𝑛)}.

Then, the temperature field is updated in the following thermal phase to conclude the current time step, that is,

{𝒗(𝑛+1),𝒖(𝑛+1), 𝜗(𝑛)}⟶ {𝒗(𝑛+1),𝒖(𝑛+1), 𝜗(𝑛+1)}.

During the mechanical phase, we still adopt the Crank-Nicolson method for the time integration,(
𝛿𝒗, 𝒖(𝑛+1)

)
− Δ𝑡

2
(
𝛿𝒗, 𝒗(𝑛+1)

)
=
(
𝛿𝒗, 𝒖(𝑛)

)
+ Δ𝑡

2
(
𝛿𝒗, 𝒗(𝑛)

)
(16)

and (
𝛿𝒖, 𝒗(𝑛+1)

)
+ Δ𝑡

2

(
𝛁𝛿𝒖, 1

𝜌
ℂ ∶ 𝝐(𝒖(𝑛+1))

)
=
(
𝛿𝒖, 𝒗(𝑛)

)
− Δ𝑡

2

(
𝛁𝛿𝒖, 1

𝜌
ℂ ∶ 𝝐(𝒖(𝑛))

)
+Δ𝑡

(
𝛁𝛿𝒖, 1

𝜌
𝜗(𝑛)𝒎

)
+Δ𝑡

(
𝛿𝒖, 𝒃

(𝑛+ 1
2 )
)
+Δ𝑡

(
𝛿𝒖,

1
𝜌
𝒕̂
(𝑛+ 1

2 )
)
Γ𝒕
.

(17)

Writing the above equations into a linear system, we have(
𝐊𝒗𝒗 𝐊𝒗𝒖

𝐊𝒖𝒗 𝐊𝒖𝒖

)(
𝒗

𝒖

)(𝑛+1)
=
(
𝑭𝒗

𝑭 𝒖

)
(18)

where

(𝐊𝒗𝒗)𝑖𝑗 = −Δ𝑡
2

(
𝛿𝒗𝑖, 𝛿𝒗𝑗

)
, (𝐊𝒗𝒖)𝑖𝑗 =

(
𝛿𝒗𝑖, 𝛿𝒖𝑗

)
,

(𝐊𝒖𝒗)𝑖𝑗 =
(
𝛿𝒖𝑖, 𝛿𝒗𝑗

)
, (𝐊𝒖𝒖)𝑖𝑗 =

Δ𝑡
2

(
𝛁𝛿𝒖𝑖,

1
𝜌
ℂ ∶ 𝛁(𝛿𝒖𝑗 )

)
,

and

(𝑭𝒗)𝑖 =
(
𝛿𝒗𝑖, 𝒖

(𝑛))+ Δ𝑡
2

(
𝛿𝒗𝑖, 𝒗

(𝑛)) ,
(𝑭𝒖)𝑖 =

(
𝛿𝒖𝑖, 𝒗

(𝑛))− Δ𝑡
2

(
𝛁𝛿𝒖𝑖,

1
𝜌
ℂ ∶ 𝝐(𝒖(𝑛))

)
+Δ𝑡

(
𝛁𝛿𝒖𝑖,

1
𝜌
𝜗(𝑛)𝒎

)
+Δ𝑡

(
𝛿𝒖𝑖, 𝒃

(𝑛+ 1
2 )
)
+Δ𝑡

(
𝛿𝒖𝑖,

1
𝜌
𝒕̂
(𝑛+ 1

2 )
)
Γ𝒕
.

By solving the above linear system, which is symmetric, we can obtain the new deformation field and then update the temperature 
field during the thermal phase. Recall that 𝒗(𝑛+1) and 𝒖(𝑛+1) are already solved from the mechanical phase, we only need to solve the 
temperature field.

As aforementioned, the advantage of the staggered approach is that different time integration techniques can be applied to update 
each unknown fields. If the Crank-Nicolson method is adopted for the thermal sub-problem, we have the fully discrete system as(

𝛿𝜗, 𝜗(𝑛+1)
)
+ Δ𝑡

2

(
𝛁𝛿𝜗, 1

𝑐
𝜿̄𝛁𝜗(𝑛+1)

)
=
(
𝛿𝜗, 𝜗(𝑛)

)
− Δ𝑡

2

(
𝛁𝛿𝜗, 1

𝑐
𝒌̄𝛁𝜗(𝑛)

)
−Δ𝑡

(
𝛿𝜗,

1
𝑐
𝒎 ∶𝛁𝒗(𝑛+1)

)
+Δ𝑡

(
𝛿𝜗,

𝑟
(𝑛+ 1

2 )

𝑐

)
−Δ𝑡

(
𝛿𝜗,

𝑞
(𝑛+ 1

2 )

𝑐

)
Γ𝒒

.

(19)

We can write the above equation into the following linear system

𝐊𝜗𝜗 𝜗
(𝑛+1) = 𝑭 𝜗, (20)
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where

(𝐊𝜗𝜗)𝑖𝑗 =
(
𝛿𝜗𝑖, 𝛿𝜗𝑗

)
+ Δ𝑡

2

(
𝛁𝛿𝜗𝑖,

1
𝑐
𝜿̄𝛁𝛿𝜗𝑗

)
and

(𝑭 𝜗)𝑖 =
(
𝛿𝜗𝑖, 𝜗

(𝑛))− Δ𝑡
2

(
𝛁𝛿𝜗𝑖,

1
𝑐
𝒌̄𝛁𝜗(𝑛)

)
−Δ𝑡

(
𝛿𝜗𝑖,

1
𝑐
𝒎 ∶ 𝛁𝒗(𝑛+1)

)
+Δ𝑡

(
𝛿𝜗𝑖,

𝑟
(𝑛+ 1

2 )

𝑐

)
−Δ𝑡

(
𝛿𝜗𝑖,

𝑞
(𝑛+ 1

2 )

𝑐

)
Γ𝒒

.

On the other hand, if the backward Euler method is applied to the thermal phase, we obtain the following fully discrete system(
𝛿𝜗, 𝜗(𝑛+1)

)
+Δ𝑡

(
𝛁𝛿𝜗, 1

𝑐
𝜿̄𝛁𝜗(𝑛+1)

)
=
(
𝛿𝜗, 𝜗(𝑛)

)
−Δ𝑡

(
𝛿𝜗,

1
𝑐
𝒎 ∶𝛁𝒗(𝑛+1)

)
+Δ𝑡

(
𝛿𝜗,

𝑟(𝑛+1)

𝑐

)
−Δ𝑡

(
𝛿𝜗,

𝑞(𝑛+1)

𝑐

)
Γ𝒒
.

(21)

The matrix and the right-hand side in Eq. (20) become

(𝐊𝜗𝜗)𝑖𝑗 =
(
𝛿𝜗𝑖, 𝛿𝜗𝑗

)
+Δ𝑡

(
𝛁𝛿𝜗𝑖,

1
𝑐
𝜿̄𝛁𝛿𝜗𝑗

)
and

(𝑭 𝜗)𝑖 =
(
𝛿𝜗𝑖, 𝜗

(𝑛))−Δ𝑡
(
𝛿𝜗𝑖,

1
𝑐
𝒎 ∶ 𝛁𝒗(𝑛+1)

)
+Δ𝑡

(
𝛿𝜗𝑖,

𝑟
(𝑛+ 1

2 )

𝑐

)
−Δ𝑡

(
𝛿𝜗𝑖,

𝑞
(𝑛+ 1

2 )

𝑐

)
Γ𝒒

.

Even though both the Crank-Nicolson method and the backward Euler method are unconditionally stable, the staggered approach 
based on the isothermal split (constant temperature) is only conditionally stable. This is the motivation for designing a better staggered 
approach, for instance, the adiabatic split (constant entropy), that is able to maintain the unconditional stability.

2.3.2. Adiabatic split

Similar to the isothermal split, the staggered approach based on the adiabatic split also partitions the fully coupled thermome-
chanical problem into the mechanical phase sub-problem and the thermal phase sub-problem. Unlike the isothermal split in which 
the temperature is kept constant, the adiabatic split maintains a constant entropy between the mechanical phase and the thermal 
phase [31]. Assume that 𝒖𝑡 and 𝜗𝑡 represent some intermediate solutions, since the entropy is kept constant,

𝜂(𝑛) = 𝜂𝑡 ⇒ 𝒎 ∶ 𝝐(𝒖(𝑛)) + 𝑐𝜗(𝑛) =𝒎 ∶ 𝝐(𝒖𝑡) + 𝑐𝜗𝑡

⇒ 𝜗𝑡 = 𝜗(𝑛) − 1
𝑐
𝒎 ∶

[
𝝐(𝒖𝑡) − 𝝐(𝒖(𝑛))

]
.

(22)

During the mechanical phase, the deformation is updated as

{𝒗(𝑛),𝒖(𝑛), 𝜗(𝑛)}⟶ {𝒗(𝑛+1),𝒖(𝑛+1), 𝜗𝑡},

where 𝒗(𝑛+1) = 𝒗𝑡 and 𝒖(𝑛+1) = 𝒖𝑡 such that the entropy is unchanged. During the thermal phase, the temperature field is updated as

{𝒗(𝑛+1),𝒖(𝑛+1), 𝜗𝑡}⟶ {𝒗(𝑛+1),𝒖(𝑛+1), 𝜗(𝑛+1)}.

Plug in the expression of the intermediate temperature shown in Eq. (22) into the semi-discrete weak form Eq. (7) and apply the 
Crank-Nicolson method, we have(

𝛿𝒗, 𝒖(𝑛+1)
)
− Δ𝑡

2
(
𝛿𝒗, 𝒗(𝑛+1)

)
=
(
𝛿𝒗, 𝒖(𝑛)

)
+ Δ𝑡

2
(
𝛿𝒗, 𝒗(𝑛)

)
(23)

and (
𝛿𝒖, 𝒗(𝑛+1)

)
+ Δ𝑡

2

(
𝛁𝛿𝒖, 1

𝜌
ℂad ∶ 𝝐(𝒖(𝑛+1))

)
=
(
𝛿𝒖, 𝒗(𝑛)

)
− Δ𝑡

2

(
𝛁𝛿𝒖, 1

𝜌
ℂad ∶ 𝝐(𝒖(𝑛))

)
+Δ𝑡

(
𝛿𝒖, 𝒃

(𝑛+ 1
2 )
)

+Δ𝑡
(
𝛿𝒖,

1
𝜌
𝒕̂
(𝑛+ 1

2 )
)

Γ𝒕
+Δ𝑡

(
𝛁𝛿𝒖, 1

𝜌
𝒎

[
𝒎 ∶ 𝝐(𝒖(𝑛))

𝑐
+ 𝜗(𝑛)

])
,

(24)

where the modified material stiffness tensor is

ℂad =ℂ+ 1
𝑐
𝒎⊗𝒎.

Writing the above equations as a linear system, we have
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𝐊𝒗𝒗 𝐊𝒗𝒖

𝐊𝒖𝒗 𝐊𝒖𝒖

)(
𝒗

𝒖

)(𝑛+1)
=
(
𝑭𝒗

𝑭 𝒖

)
, (25)

where

(𝐊𝒗𝒗)𝑖𝑗 = −Δ𝑡
2

(
𝛿𝒗𝑖, 𝛿𝒗𝑗

)
, (𝐊𝒗𝒖)𝑖𝑗 =

(
𝛿𝒗𝑖, 𝛿𝒖𝑗

)
,

(𝐊𝒖𝒗)𝑖𝑗 =
(
𝛿𝒖𝑖, 𝛿𝒗𝑗

)
, (𝐊𝒖𝒖)𝑖𝑗 =

Δ𝑡
2

(
𝛁𝛿𝒖𝑖,

1
𝜌
ℂad ∶ 𝛁𝛿𝒖𝑗

)
,

and

(𝑭𝒗)𝑖 =
(
𝛿𝒗𝑖, 𝒖

(𝑛))+ Δ𝑡
2

(
𝛿𝒗𝑖, 𝒗

(𝑛)) ,
(𝑭𝒖)𝑖 =

(
𝛿𝒖𝑖, 𝒗

(𝑛))− Δ𝑡
2

(
𝛁𝛿𝒖𝑖,

1
𝜌
ℂad ∶ 𝝐(𝒖(𝑛))

)
+Δ𝑡

(
𝛿𝒖𝑖, 𝒃

(𝑛+ 1
2 )
)

+Δ𝑡
(
𝛿𝒖𝑖,

1
𝜌
𝒕̂
(𝑛+ 1

2 )
)
Γ𝒕
+Δ𝑡

(
𝛁𝛿𝒖𝑖,

1
𝜌
𝒎

[
𝒎 ∶ 𝝐(𝒖(𝑛))

𝑐
+ 𝜗(𝑛)

])
.

For the thermal phase in the adiabatic split, if the Crank-Nicolson method is applied, we have(
𝛿𝜗, 𝜗(𝑛+1)

)
+ Δ𝑡

2

(
𝛁𝛿𝜗, 1

𝑐
𝜿̄𝛁𝜗(𝑛+1)

)
=
(
𝛿𝜗, 𝜗(𝑛)

)
− Δ𝑡

2

(
𝛁𝛿𝜗, 1

𝑐
𝒌̄𝛁𝜗(𝑛)

)
−
(
𝛿𝜗,

1
𝑐
𝒎 ∶ 𝝐(𝒖(𝑛+1))

)
+
(
𝛿𝜗,

1
𝑐
𝒎 ∶ 𝝐(𝒖(𝑛))

)
+Δ𝑡

(
𝛿𝜗,

𝑟
(𝑛+ 1

2 )

𝑐

)
−Δ𝑡

(
𝛿𝜗,

𝑞
(𝑛+ 1

2 )

𝑐

)
Γ𝒒

.

(26)

We can write the above equation into a linear system

𝐊𝜗𝜗 𝜗
(𝑛+1) = 𝑭 𝜗, (27)

where

(𝐊𝜗𝜗)𝑖𝑗 =
(
𝛿𝜗𝑖, 𝛿𝜗𝑗

)
+ Δ𝑡

2

(
𝛁𝛿𝜗𝑖,

1
𝑐
𝜿̄𝛁𝛿𝜗𝑗

)
and

(𝑭 𝜗)𝑖 =
(
𝛿𝜗𝑖, 𝜗

(𝑛))− Δ𝑡
2

(
𝛁𝛿𝜗𝑖,

1
𝑐
𝒌̄𝛁𝜗(𝑛)

)
−
(
𝛿𝜗𝑖,

1
𝑐
𝒎 ∶ 𝝐(𝒖(𝑛+1))

)
+
(
𝛿𝜗𝑖,

1
𝑐
𝒎 ∶ 𝝐(𝒖(𝑛))

)
+Δ𝑡

(
𝛿𝜗𝑖,

𝑟
(𝑛+ 1

2 )

𝑐

)
−Δ𝑡

(
𝛿𝜗𝑖,

𝑞
(𝑛+ 1

2 )

𝑐

)
Γ𝒒

.

If the backward Euler method is applied to the thermal phase in the adiabatic split, we have(
𝛿𝜗, 𝜗(𝑛+1)

)
+Δ𝑡

(
𝛁𝛿𝜗, 1

𝑐
𝜿̄𝛁𝜗(𝑛+1)

)
=
(
𝛿𝜗, 𝜗(𝑛)

)
+
(
𝛿𝜗,

1
𝑐
𝒎 ∶ 𝝐(𝒖(𝑛))

)
−
(
𝛿𝜗,

1
𝑐
𝒎 ∶ 𝝐(𝒖(𝑛+1))

)
+Δ𝑡

(
𝛿𝜗,

𝑟(𝑛+1)

𝑐

)
−Δ𝑡

(
𝛿𝜗,

𝑞(𝑛+1)

𝑐

)
Γ𝒒
.

(28)

The matrix and the right-hand side in Eq. (27) become

(𝐊𝜗𝜗)𝑖𝑗 =
(
𝛿𝜗𝑖, 𝛿𝜗𝑗

)
+Δ𝑡

(
𝛁𝛿𝜗𝑖,

1
𝑐
𝜿̄𝛁𝛿𝜗𝑗

)
and

(𝑭 𝜗)𝑖 =
(
𝛿𝜗𝑖, 𝜗

(𝑛))+ (
𝛿𝜗𝑖,

1
𝑐
𝒎 ∶ 𝝐(𝒖(𝑛))

)
−
(
𝛿𝜗𝑖,

1
𝑐
𝒎 ∶ 𝝐(𝒖(𝑛+1))

)
+Δ𝑡

(
𝛿𝜗𝑖,

𝑟(𝑛+1)

𝑐

)
−Δ𝑡

(
𝛿𝜗𝑖,

𝑞(𝑛+1)

𝑐

)
Γ𝒒
.

As illustrated in the numerical example section, the choice of the time integration technique for the thermal phase would have impacts 
on the numerical results when stiff boundary conditions are applied.

2.4. Numerical implementation

To facilitate the numerical implementation, we provide the pseudo code for the monolithic approach and the two staggered 
approaches based on the isothermal split and the adiabatic split, respectively. Algorithm 1 provides the pseudo code for the monolithic 
approach. Even though this algorithm is relatively straightforward, inside each time step, we still need to assemble and solve a fully 
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coupled linear system according to Eq. (15). As shown in the subsequent numerical examples, solving the fully coupled unsymmetric 
linear system is significantly more expensive.

Algorithm 1 Monolithic approach for the thermomechanically coupled problem.
1: Set the solution vector {𝒗,𝒖, 𝜗} = {𝒗,𝒖, 𝜗}(0) . ⊳ Initial conditions
2: for 𝑛 = 0, … , 𝑁 do ⊳ Loop over time steps
3: Set {𝒗,𝒖, 𝜗} = {𝒗,𝒖, 𝜗}(𝑛) . ⊳ Solution at the beginning of the time step is known

4: Assemble the block matrix 
⎛⎜⎜⎝
𝐊𝒗𝒗 𝐊𝒗𝒖 𝐊𝒗𝜗

𝐊𝒖𝒗 𝐊𝒖𝒖 𝐊𝒖𝜗

𝐊𝜗𝒗 𝐊𝜗𝒖 𝐊𝜗𝜗

⎞⎟⎟⎠ according to Eq. (15).
5: Assemble the right-hand side 

⎛⎜⎜⎝
𝑭 𝒗

𝑭 𝒖

𝑭 𝜗

⎞⎟⎟⎠ based on the old solution {𝒗,𝒖, 𝜗}(𝑛) according to Eq. (15).
6: Solve the fully coupled linear system 

⎛⎜⎜⎝
𝐊𝒗𝒗 𝐊𝒗𝒖 𝐊𝒗𝜗

𝐊𝒖𝒗 𝐊𝒖𝒖 𝐊𝒖𝜗

𝐊𝜗𝒗 𝐊𝜗𝒖 𝐊𝜗𝜗

⎞⎟⎟⎠
⎛⎜⎜⎝
𝒗

𝒖

𝜗

⎞⎟⎟⎠
(𝑛+1)

=
⎛⎜⎜⎝
𝑭 𝒗

𝑭 𝒖

𝑭 𝜗

⎞⎟⎟⎠.
7: Update the solution {𝒗,𝒖, 𝜗}(𝑛) ⟶ {𝒗,𝒖, 𝜗}(𝑛+1) at the end of the current time step.
8: end for

Algorithm 2 Staggered approach based on the isothermal split for the thermomechanically coupled problem.
1: Set the solution vector {𝒗,𝒖, 𝜗} = {𝒗,𝒖, 𝜗}(0) . ⊳ Initial conditions
2: for 𝑛 = 0, … , 𝑁 do ⊳ Loop over time steps
3: Set {𝒗,𝒖, 𝜗} = {𝒗,𝒖, 𝜗}(𝑛) . ⊳ Solution at the beginning of the time step is known
4: Assemble the block matrix 

(
𝐊𝒗𝒗 𝐊𝒗𝒖

𝐊𝒖𝒗 𝐊𝒖𝒖

)
according to Eq. (18).

5: Assemble the right-hand side 
(
𝑭𝒗

𝑭 𝒖

)
based on the old solution {𝒗,𝒖, 𝜗}(𝑛) according to Eq. (18).

6: Solve the linear system (mechanical phase) 
(
𝐊𝒗𝒗 𝐊𝒗𝒖

𝐊𝒖𝒗 𝐊𝒖𝒖

)(
𝒗

𝒖

)(𝑛+1)

=
(
𝑭 𝒗

𝑭 𝒖

)
.

7: Update the solution {𝒗(𝑛), 𝒖(𝑛), 𝜗(𝑛)} ⟶ {𝒗(𝑛+1), 𝒖(𝑛+1), 𝜗(𝑛)}. ⊳ Temperature is kept constant.
8: Assemble the matrix 𝐊𝜗𝜗 and the right-hand side 𝑭 𝜗 based on {𝒗(𝑛+1), 𝒖(𝑛+1), 𝜗(𝑛)}.
9: Solve the linear system (thermal phase) 𝐊𝜗𝜗 𝜗

(𝑛+1) = 𝑭 𝜗 .

10: Update the solution {𝒗(𝑛+1), 𝒖(𝑛+1), 𝜗(𝑛)} ⟶ {𝒗(𝑛+1), 𝒖(𝑛+1), 𝜗(𝑛+1)} at the end of the current time step.
11: end for

Algorithms 2 and 3 provide the pseudo code for the staggered approaches based on the isothermal split and the adiabatic split, 
respectively. Comparing with the monolithic approach, we can see that in the staggered approaches, we divide the thermomechan-
ically coupled problem into the mechanical sub-problem and the thermal sub-problem. For each sub-problem, a symmetric linear 
system is formed and solved for the corresponding unknowns. The key difference between the two staggered approaches is that, 
in the isothermal split, the temperature is kept constant in the intermediate state, while in the adiabatic split, the entropy is kept 
constant in the intermediate state.

Algorithm 3 Staggered approach based on the adiabatic split for the thermomechanically coupled problem.
1: Set the solution vector {𝒗,𝒖, 𝜗} = {𝒗,𝒖, 𝜗}(0) . ⊳ Initial conditions
2: for 𝑛 = 0, … , 𝑁 do ⊳ Loop over time steps
3: Set {𝒗,𝒖, 𝜗} = {𝒗,𝒖, 𝜗}(𝑛) . ⊳ Solution at the beginning of the time step is known
4: Form the modified material stiffness tensor ℂad =ℂ + 1

𝑐
𝒎⊗𝒎.

5: Assemble the block matrix 
(
𝐊𝒗𝒗 𝐊𝒗𝒖

𝐊𝒖𝒗 𝐊𝒖𝒖

)
based on ℂad according to Eq. (25).

6: Assemble the right-hand side 
(
𝑭𝒗

𝑭 𝒖

)
based on the old solution {𝒗,𝒖, 𝜗}(𝑛) and ℂad according to Eq. (25).

7: Solve the linear system (mechanical phase) 
(
𝐊𝒗𝒗 𝐊𝒗𝒖

𝐊𝒖𝒗 𝐊𝒖𝒖

)(
𝒗

𝒖

)(𝑛+1)

=
(
𝑭 𝒗

𝑭 𝒖

)
.

8: Update the solution {𝒗(𝑛), 𝒖(𝑛), 𝜗(𝑛)} ⟶ {𝒗(𝑛+1), 𝒖(𝑛+1), 𝜗𝑡}. ⊳ Entropy is kept constant.
9: Assemble the matrix 𝐊𝜗𝜗 and the right-hand side 𝑭 𝜗 based on {𝒗(𝑛+1), 𝒖(𝑛+1), 𝜗𝑡}.
10: Solve the linear system (thermal phase) 𝐊𝜗𝜗 𝜗

(𝑛+1) = 𝑭 𝜗 .

11: Update the solution {𝒗(𝑛+1), 𝒖(𝑛+1), 𝜗𝑡} ⟶ {𝒗(𝑛+1), 𝒖(𝑛+1), 𝜗(𝑛+1)} at the end of the current time step.
12: end for

3. Numerical verification

In this section, we provide a dimensionless numerical example to compare the stability properties of various numerical algorithms, 
including the monolithic approach that is used as the reference solution, as well as the staggered approaches based on the isothermal 
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Fig. 1. (a) The 100 × 100 two-dimensional computational domain to numerically verify the stability of different algorithms for the thermomechanically coupled 
problem. (b) The initial conditions are set up such that only the initial velocity 𝑣𝑥 is non-zero.

split and the adiabatic split, respectively. The computational domain of a square with edge length 𝐿 = 100 is shown in Fig. 1(a). 
The boundary conditions are prescribed such that the velocity, the displacement, and the temperature fields at the four edges of the 
computational domain are all zeros (homogeneous),

𝒗(0, 𝑦, 𝑡) = 𝒗(𝐿, 𝑦, 𝑡) = 𝒗(𝑥, 0, 𝑡) = 𝒗(𝑥, 𝐿, 𝑡) = 𝟎,

𝒖(0, 𝑦, 𝑡) = 𝒖(𝐿, 𝑦, 𝑡) = 𝒖(𝑥, 0, 𝑡) = 𝒖(𝑥, 𝐿, 𝑡) = 𝟎,

𝜗(0, 𝑦, 𝑡) = 𝜗(𝐿, 𝑦, 𝑡) = 𝜗(𝑥, 0, 𝑡) = 𝜗(𝑥, 𝐿, 𝑡) = 0.

The initial conditions are set up such that

𝑣𝑥(𝑥, 𝑦, 0) = sin 𝜋𝑥
𝐿
, 𝑣𝑦(𝑥, 𝑦, 0) = 0, 𝒖(𝑥, 𝑦, 0) = 𝟎, 𝜗(𝑥, 𝑦, 0) = 0.

The initial velocity in the x-direction 𝑣𝑥 , which follows a sinusoidal distribution, is shown in Fig. 1(b). The computational domain 
is discretized by a structured finite element mesh with the mesh size ℎ = 1.0 and a finite element space of bilinear shape functions 
Q1 × Q1 × Q1 for the velocity, the displacement, and the temperature fields, respectively. The material constitutive model shown in 
Eq. (2) is adopted. For the material mechanical behavior, we adopt the linear elasticity with the material tangent stiffness defined as

(ℂ)𝑖𝑗𝑘𝑙 = 𝜆𝛿𝑖𝑗𝛿𝑘𝑙 + 𝜇(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘)

with the Lamé parameters 𝜆 = 0.5 and 𝜇 = 0.25. The thermal conductivity tensor is assumed to be isotropic, that is,

(𝜿)𝑖𝑗 = 𝜅 𝛿𝑖𝑗 ,

where the thermal conductivity coefficient is 𝜅 = 1.0. The other parameters include the density 𝜌 = 1.0, the specific heat 𝑐𝑠 = 1.0, the 
reference temperature Θref = 1.0, and the thermal expansion coefficient 𝛽 = 0.5 that measures the strength of the coupling between 
the material mechanical and thermal behaviors.

In order to demonstrate the stability of various numerical techniques described in Section 2, we apply two different time step 
sizes Δ𝑡 = 0.5 and Δ𝑡 = 1.0 to model the dynamic responses of the aforementioned initial boundary value problem (IBVP) during a 
time interval [0, 300]. Figs. 2 and 3 show the spatial distributions of the displacement field 𝑢𝑥 , 𝑢𝑦, and the relative temperature field 
𝜗 with time step size Δ𝑡 = 0.5 at time 𝑡 = 100 and 𝑡 = 200. We can see the numerical results from the staggered approaches based on 
the isothermal split and the adiabatic split both match the monolithic results, which are considered as the reference solutions. On the 
other hand, when the time step size Δ𝑡 is increased to 1.0, from Figs. 4 and 5 we can see that the numerical results of the adiabatic 
split still match the counterparts of the monolithic approach at both 𝑡 = 100 and 𝑡 = 200. However, the relative temperature field 
obtained from the isothermal split starts to become unstable at 𝑡 = 100. As the time advances, for example, at 𝑡 = 200, the instability 
becomes obvious across the whole computational domain for all the numerical results based on the isothermal split.

The conditional stability of the staggered approach based on the isothermal split is also manifested locally. Fig. 6 demonstrates the 
time history of the displacement field 𝑢𝑥 , 𝑢𝑦, and the relative temperature field 𝜗 at the small time step size Δ𝑡 = 0.5. The numerical 
results obtained from all the three approaches are similar. However, when the time step size Δ𝑡 is doubled, that is, Δ𝑡 = 1.0, the 
numerical results from the adiabatic split are still stable and match the monolithic results as shown in Fig. 7. However, the staggered 
approach based on the isothermal split becomes unstable at around 𝑡 = 150.

From this example, we can see that even though individual time integration techniques for the mechanical phase and the thermal 
phase in a thermomechanically coupled problem, such as the Crank-Nicolson method and the backward Euler method, are uncon-
ditionally stable, the staggered approach based on the isothermal split becomes only conditionally stable. On the other hand, the 
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Fig. 2. Numerical results of the displacement field 𝑢𝑥 , 𝑢𝑦 , and the relative temperature field 𝜗 at 𝑡 = 100 when the time increment Δ𝑡 = 0.5: (a), (d), (g) are obtained 
from the monolithic approach that are considered as the reference solutions; (b), (e), (h) are obtained from the staggered approach using the isothermal split; (c), (f), 
(i) are obtained from the staggered approach using the adiabatic split. When the time step is small, all the numerical techniques produce similar results.

adiabatic split not only maintains the unconditional stability, but also provides numerical results matching the counterparts from the 
monolithic approach. This unconditional stability is significant when it comes to the modeling of the TBC systems, since it allows 
the finite element simulation to use large time steps. Moreover, comparing with the monolithic approach, the staggered approach is 
highly efficient due to the size and the symmetry of the formed linear systems.

4. Thermal barrier coating system

In this section, we use the staggered approach based on the adiabatic split and the monolithic approach respectively to model 
the transient behavior of a typical thermal barrier coating (TBC) system under an externally imposed thermal gradient. Fig. 8 shows 
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Fig. 3. Numerical results of the displacement field 𝑢𝑥 , 𝑢𝑦 , and the relative temperature field 𝜗 at 𝑡 = 200 when the time increment Δ𝑡 = 0.5: (a), (d), (g) are obtained 
from the monolithic approach that are considered as the reference solutions; (b), (e), (h) are obtained from the staggered approach using the isothermal split; (c), (f), 
(i) are obtained from the staggered approach using the adiabatic split. When the time step is small, all the numerical techniques produce similar results.

the TBC system used in this investigation, which is composed of a top layer with the thickness 𝐻4 = 100 μm, a thermally grown 
oxide (TGO) layer with the thickness 𝐻3 = 6 μm, a bond coat layer with the thickness 𝐻2 = 150 μm, and a substrate layer with the 
thickness 𝐻1 = 1000 μm. Particularly, the TGO layer is assumed to be sinusoidal with a wavelength 𝐿 = 30 μm and an amplitude 
𝐴 = 5 μm. As a result, the TBC system is periodic along the x-direction. In order to effectively resolve the TGO layer that possesses 
the smallest thickness among all the components without significantly increasing the computational cost, we take advantage of the 
periodic structure of the TBC system by using a unit wavelength 𝐿 = 30 μm as the computational domain. Meanwhile, the periodic 
boundary conditions are applied to the left and right edges, as shown in Fig. 8.

In Tables 1 to 4, we report the typical ranges of various material parameters for the four different TBC layers after surveying the 
literature. The adopted parameter values used in the following numerical simulations are taken from the reported ranges. It is worth 
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Fig. 4. Numerical results of the displacement field 𝑢𝑥 , 𝑢𝑦 , and the relative temperature field 𝜗 at 𝑡 = 100 when the time increment Δ𝑡 = 1.0: (a), (d), (g) are obtained 
from the monolithic approach that are considered as the reference solutions; (b), (e), (h) are obtained from the staggered approach using the isothermal split; (c), (f), 
(i) are obtained from the staggered approach using the adiabatic split. When the time step is large, the relative temperature field obtained from the isothermal split 
becomes unstable. On the other hand, the results based on the adiabatic split are still consistent with the counterparts of the monolithic approach.

emphasizing that many material parameters, such as the Young’s modulus, the specific heat capacity, and the thermal conductivity, 
are temperature-dependent, which means that they have different values depending on the operation temperature. For instance, see 
the stress analysis in TBC for a rocket engine [33]. For any real-world applications of TBC systems, which typically operate within a 
large range of temperature (from room temperature to above 1200 ◦C), it is important to include the temperature-dependency of the 
material parameters in finite element simulations to obtain realistic numerical results. The current work focuses on demonstrating 
the unconditional stability and accuracy of the staggered approach, its supremacy regarding the computational efficiency, as well 
as several finite element simulation techniques such as the adaptive mesh refinement and the periodic boundary conditions in the 
thermoelastic simulation of TBC system. Therefore, we assume all the material parameters are constant, the specific values of which 
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Fig. 5. Numerical results of the displacement field 𝑢𝑥 , 𝑢𝑦 , and the relative temperature field 𝜗 at 𝑡 = 200 when the time increment Δ𝑡 = 1.0: (a), (d), (g) are obtained 
from the monolithic approach that are considered as the reference solutions; (b), (e), (h) are obtained from the staggered approach using the isothermal split; (c), (f), 
(i) are obtained from the staggered approach using the adiabatic split. When the time step is large, all the results obtained from the isothermal split are unstable. On 
the other hand, the results based on the adiabatic split are still consistent with the counterparts of the monolithic approach.

are listed in Tables 1 to 4. However, there are no fundamental difficulties to include a series of temperature-dependent material 
parameters using the technique of parameter interpolations.

The computational cost of a numerical simulation is directly related to the mesh density. Fig. 9(a) shows the initial mesh around the 
TGO layer at the beginning of the numerical simulation. Due to the mismatch of the thermal expansion coefficients of the top coat, the 
TGO, and the bond coat layers, a large displacement gradient is expected to develop at the interfaces of these different material layers. 
Therefore, a more refined mesh around these interfaces are required for more accurate numerical results. In order to increase the 
accuracy of the numerical simulation without performing global level mesh refinements, the technique of adaptive mesh refinement 
is adopted. The basic idea of adaptive mesh refinement is to only refine mesh in the regions of interest, in the case of the TBC system, 
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Fig. 6. The time history of (a) 𝑢𝑥 at (𝐿∕2, 𝐿∕2), (b) 𝑢𝑦 at (𝐿∕4, 𝐿∕4), and (c) 𝜗 at (𝐿∕4, 𝐿∕2) when the time step size is Δ𝑡 = 0.5. All the numerical results obtained 
from the monolithic approach and the two staggered approaches using the isothermal split and the adiabatic split are similar.

Fig. 7. The time history of (a) 𝑢𝑥 at (𝐿∕2, 𝐿∕2), (b) 𝑢𝑦 at (𝐿∕4, 𝐿∕4), and (c) 𝜗 at (𝐿∕4, 𝐿∕2) when the time step size is Δ𝑡 = 1.0. The numerical results obtained from 
the adiabatic split still match the counterparts obtained from the monolithic approach. However, the numerical results obtained from the isothermal split become 
unstable.

Fig. 8. A typical TBC system has four layers with different thicknesses, including a top coat layer (𝐻4 = 100 μm), a thermally grown oxide (TGO) layer (𝐻3 = 6 μm), 
a bond coat layer (𝐻2 = 150 μm), and a substrate layer (𝐻1 = 1000 μm). The TGO layer is assumed to have a sinusoidal shape with a wavelength 𝐿 = 30 μm and an 
amplitude 𝐴 = 5 μm. Due to the periodic structure, the computational domain only contains one sinusoidal period with the periodic boundary conditions applied on 
the left and right edges.

the regions exhibiting large levels of stress concentration. In this work, we adopt the paradigm of “solve-estimate-mark-refine” as 
the adaptive mesh refinement strategy. In this paradigm, the “solve” stage means to solve the thermomechanically coupled finite 
element problem using either the monolithic approach or the staggered approach. Once the finite element solution is obtained from 
the “solve” stage, the following “estimate” stage is to estimate the error associated with each element based on a prescribed criterion. 
Then, the “mark” stage is to mark the elements with large error indicators for refinement. Lastly, the “refine” stage is to execute the 
mesh refinement based on the element labels (“refine” or “unchanged”) provided during the “mark” stage. According to the paradigm 
of “solve-estimate-mark-refine”, a reliable error estimator is crucial to a successful adaptive mesh refinement technique. In this work, 
an error estimator based on the so-called Kelly error estimator [47] is adopted. This error estimator attempts to approximate the 
error per element by integrating the jump of the solution gradient along the faces of each element [32]. Since we are interested in 
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Table 1

Dimension and material parameters of the top coat layer (7YSZ or YSZ, partially 
yttria-stabilized zirconia), data sources: [34–37,1,38].

Reported range Adopted value

Thickness (μm) 100 ∼ 250 100

Young’s modulus (GPa) 0.72 ∼ 2.3 2.3

Poisson ratio 0.23 0.23

Density (g ⋅ cm−3) 3.38 ∼ 4.50 3.38
Thermal expansion coeff. (K−1) 10.0 ∼ 12.0 × 10−6 11.0 × 10−6
Thermal conductivity (W ⋅m−1 ⋅ K−1) 1.5 ∼ 1.9 1.5

Specific heat capacity (J ⋅ g−1 ⋅ K−1) 0.44 ∼ 0.65 0.5

Table 2

Dimension and material parameters of the thermally grown oxide (TGO) layer 
(predominantly 𝛼-Al2O3), data sources: [39]; MatWeb1 .

Reported range Adopted value

Thickness (μm) 1 ∼ 10 6

Young’s modulus (GPa) 260 ∼ 340 300

Poisson ratio 0.22 0.22

Density (g ⋅ cm−3) 3.95 3.95

Thermal expansion coeff. (K−1) 7.6 ∼ 8.2 × 10−6 8.0 × 10−6
Thermal conductivity (W ⋅m−1 ⋅ K−1) 12.0 ∼ 30.0 25.0

Specific heat capacity (J ⋅ g−1 ⋅ K−1) 0.88 0.88

1https://www .matweb .com /search /DataSheet .aspx ?MatGUID =
0654701067d147e88e8a38c646dda195.

Table 3

Dimension and material parameters of the bond coat layer (primarily NiCoCrAlY), 
data sources: [40–42,1,43].

Reported range Adopted value

Thickness (μm) 100 ∼ 200 150

Young’s modulus (GPa) 130 ∼ 220 220

Poisson ratio 0.3 0.3

Density (g ⋅ cm−3) 7.32 7.32

Thermal expansion coeff. (K−1) 14.0 ∼ 17.5 × 10−6 14.0 × 10−6
Thermal conductivity (W ⋅m−1 ⋅ K−1) 4.3 4.3

Specific heat capacity (J ⋅ g−1 ⋅ K−1) 0.501 0.501

Table 4

Dimension and material parameters of the substrate layer (Ni-based superalloy), 
data sources: [44–46].

Reported range Adopted value

Thickness (μm) ≥ 1000 1000

Young’s modulus (GPa) 106 ∼ 225 200

Poisson ratio 0.3 0.3

Density (g ⋅ cm−3) 8.9 8.9

Thermal expansion coeff. (K−1) 17.0 ∼ 18.0 × 10−6 18.0 × 10−6
Thermal conductivity (W ⋅m−1 ⋅ K−1) 9.8 ∼ 29.5 29.5

Specific heat capacity (J ⋅ g−1 ⋅ K−1) 0.44 ∼ 0.67 0.6

refining regions with large stress concentration, we can define the Kelly error estimator based on the gradient of the displacement 
field solved from the finite element procedure. Inside the 𝐾th element (assume the element is 2D), the error estimator 𝜂𝐾 , which is 
a scalar, is defined as

𝜂𝐾 =

√√√√√ ∑
𝐹∈𝜕Ω(𝐾)

𝑐𝐹 ∫
𝜕Ω(𝐾)

([[
𝛁𝑢𝑥 ⋅ 𝒏

]]2
+
[[

𝛁𝑢𝑦 ⋅ 𝒏
]]2)

d𝐴, (29)

where 𝜕Ω(𝐾) represents the element boundary, 𝒏 represents the normal direction of the element boundary, the coefficient 𝑐𝐹 is chosen 
as ℎ𝐾∕24 [32,47], and ℎ𝐾 is the element largest diagonal length. Since stress is proportional to strain or displacement gradient, the 
above error estimator is capable of properly reflecting the level of stress concentration. A large error estimator 𝜂𝐾 indicates that 
there is a large change of stresses across element boundaries, and therefore, such an element should be refined to provide a better 
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Fig. 9. Adaptive mesh refinement based on the Kelly refinement indicator is applied in the numerical simulation. (a) The initial coarse mesh is adopted at the beginning 
of the simulation. (b) Due to the mismatch of the thermal expansion coefficients 𝛽 at the interface between the top coat layer and the TGO layer, as well as the interface 
between the TGO layer and the bond coat layer, large displacement gradients are generated in these areas and cause local adaptive mesh refinement.

Fig. 10. Degrees of freedom (DoF) associated with a hanging node during the adaptive mesh refinement is treated as a constraint in the assembled linear system.

spatial resolution. For more information about the error estimator, interested readers are referred to the survey by Ainsworth and 
Oden [48] for a complete discussion. By using the above error estimator, the error 𝜂𝐾 can be calculated for each element during the 
“estimate” stage. During the “mark” stage, all the elements can be ranked according to their error estimator 𝜂𝐾 from high to low. 
The top 10% elements, for example, are labeled for refinement. Then, in the “refine” stage, the refinement is executed according to 
the above element labels.

Fig. 9(b) shows an adaptively refined mesh based on the paradigm of the “solve-estimate-mark-refine” approach. Obviously, there 
exist neighboring elements that are at different refinement levels. For example, an element is one-level more refined than its neighbor. 
As a result, there are so-called “hanging nodes” generated at the element interfaces during the mesh refinement process. For instance, 
in Fig. 10, the right element is refined one more level than the left element during the adaptive mesh refinement process, resulting 
in a hanging node at the interface. The degree of freedom associated with this hanging node generated during the adaptive mesh 
refinement is treated as an algebraic constraint in the assembled linear system. Assume that both elements use the bilinear (Q1) 
interpolation functions. Then, the unknown 𝑢5 associated with the hanging node (node 5) can be expressed by the unknowns 𝑢1 and 
𝑢2 associated with the neighboring nodes (nodes 1 and 2) in the following linear relationship,

𝑢5 =
1
2
𝑢1 +

1
2
𝑢2. (30)

On the other hand, if node 4 is prescribed with an essential (Dirichlet) boundary condition, then the DoF of 𝑢4 associated with this 
node can be written as

𝑢4 = 𝑔4, (31)

where 𝑔4 represents the prescribed boundary value.
As discussed previously, the computational domain is part of the TBC system containing one sinusoidal wavelength, as shown 

in Fig. 8. The left and right edges are applied with the periodic boundary conditions on the velocity, the displacement, and the 
temperature fields. Let 𝒖lef t represent the finite element nodal solutions at the left edge of the computational domain and 𝒖right
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Fig. 11. Influence of (a) the applied relative temperature boundary conditions at the top surface of TBC (constant temperature vs. ramp temperature) on (b) the 
evolution of the temperature near the top surface. Notice that the room temperature 300 K is set as the reference temperature Θref = 300 K. Therefore, the applied 
absolute temperature boundary condition at the top surface is 800 K.

represent the counterparts at the right edge of the computational domain. Due to the imposed periodic boundary conditions on both 
edges, we have the following relationship

𝒖lef t = 𝒖right . (32)

The linear relationships due to the hanging-node constraints as shown in Eq. (30), the ones due to the prescribed essential (Dirichlet) 
boundary conditions as shown in Eq. (31), and the ones due to the imposed periodic boundary conditions as shown in Eq. (32) can 
be expressed in the following general linear form:

𝑢𝑖 = 𝑐𝑖𝑗𝑢𝑗 + 𝑔𝑖,

where 𝑐𝑖𝑗 represents the coefficients due to the hanging-node constraints as well as the periodic boundary conditions, and 𝑔𝑖 represents 
the inhomogeneous constraints such as the essential boundary conditions. We can write the entire constraints in a linear system as 
below:

𝒖 =𝐂𝒖+ 𝒈.

Particularly, the coefficient matrix 𝐂 is idempotent, meaning that 𝐂2 = 𝐂, and the proof of which can be found in [49]. After the 
linear system 𝐊𝒖 = 𝑭 is assembled according to either the monolithic approach or the staggered approach, in order to consider the 
above set of constraints, we can instead solve the following modified linear system [50](

𝐂T𝐊𝐂+ 𝐈𝑑𝑐
)
𝒖̂ =𝐂T (𝑭 −𝐊𝒈) (33)

and then recover the true solution 𝒖 as

𝒖 =𝐂𝒖̂+ 𝒈. (34)

In the modified linear system, the matrix 𝐈𝑑𝑐 is defined as

(𝐈𝑑𝑐 )𝑖𝑗 =
⎧⎪⎨⎪⎩
0 if 𝑖 ≠ 𝑗,

1 if 𝑖 = 𝑗 ∈  ,
0 if 𝑖 = 𝑗 ∉  ,

(35)

where  represents the set of DoFs of the constrained nodes, including the hanging nodes and the nodes prescribed with the periodic 
boundary conditions as well as the essential (Dirichlet) boundary conditions. Obviously, for a linear system without any nodal 
constraints, we have 𝐂 = 𝐈, 𝐈𝑑𝑐 = 𝟎, and 𝒈 = 𝟎.

We assume the room temperature 300 K as the reference temperature Θref . At the bottom edge of the computational domain, the 
velocity field 𝒗 and the displacement field 𝒖 are fixed, and the relative temperature 𝜗 is assumed to be zero (absolute temperature 
300 K) as the temperature boundary condition. At the top surface, the relative temperature 𝜗 = 500 K (absolute temperature 800 K) 
is applied as the boundary condition. The initial values of all the unknown fields are zero.

When the relative temperature boundary condition 𝜗 = 500 K (the absolute temperature 𝜗 + Θref = 800 K) is instantly applied 
as a constant to the top surface of the TBC system, as shown in Fig. 11(a), the temperature field near the top surface solved by the 
Crank-Nicolson method exhibits a noticeable oscillatory behavior due to the sharp initial transient response, as shown in Fig. 11(b). 
This oscillatory behavior is well documented in the literature, see [51,52]. In this example, we adopt a simple approach proposed by 
Wood [51] to alleviate this oscillatory behavior by applying the temperature boundary condition in a ramp manner,
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Fig. 12. Distributions of (a) the relative temperature 𝜗 and (b) the displacement 𝑢1 along the height of the TBC system. Due to the applied periodic boundary conditions, 
the results obtained from the left edge and the right edge overlap.

Fig. 13. Displacement 𝑢1 (unit: mm) at the interface between the top coat and the TGO, and at the interface between the bond coat and the TGO obtained from (a) 
the adiabatic split solve and (b) the monolithic solve.

𝜗(𝑡) = 𝜗0(1 − 𝑒−𝛽𝑡),

where 𝜗0 is the initial temperature and 𝛽 is a parameter controlling how fast the temperature at the boundary reaches to the targeted 
value. We set the parameter 𝛽 as 10. Then, the temperature at the top surface is smoothly increased to the targeted value as the 
boundary condition, as shown in Fig. 11(a). Correspondingly, the oscillatory response near the boundary disappears, as shown in 
Fig. 11(b).

Under the aforementioned boundary conditions, Fig. 12 shows the solutions along the height of the TBC system after the transient 
problem reaches to the steady-state. Due to the prescribed periodic boundary conditions, the solutions along the left edge and the 
right edge of the computational domain overlap. From Fig. 12(a), we can see that a larger temperature gradient exists between the top 
coat layer and the bond coat layer, effectively reducing the temperature inside the substrate layer. Also, because of the mismatch of 
the thermal expansion coefficients of the top coat, the TGO, and the bond coat layers, a large localized displacement field is generated 
inside the TGO layer, as shown in Fig. 12(b) and Fig. 13. The localized displacement field further results in large stress concentrations 
along the interface between the top coat layer and the TGO layer, as well as the interface between the TGO layer and the bond coat 
layer, as shown in Fig. 14. Even though the specific values of the stress distribution are slightly different from various work in the 
literature, for instance, see [8,53,54], however, this is not surprising since the finite element results depend on the specific setup of 
the finite element model, including the adopted material parameters, the sample geometry, and the applied boundary conditions. In 
fact, the pattern of the obtained stress concentration is consistent with the results reported in the aforementioned work [8,53,54].

Fig. 15 demonstrates the distributions of the stress component 𝜎22 at the interface between the top coat and the TGO as well 
as at the interface between the bond coat and the TGO obtained using different adaptively refined meshes. Even though mesh size 
has an impact on the magnitudes of the tensile and compressive stresses at these interfaces, the stress distribution around the TGO 
region follows the same pattern regardless of the underlying mesh. Fig. 16 illustrates the impact of the applied relative temperature 
boundary condition at the top surface of the TBC system on the stress concentration around the TGO layer. Recall that the room 
temperature is set as the reference temperature (Θref = 300 K). When the applied relative temperature 𝜗 is increased from 500 K to 
900 K (the absolute temperature is increased from 800 K to 1200 K), the level of stress concentration becomes even more prominent 
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Fig. 14. Distributions of the stress component 𝜎22 (unit: Pa) at the interface between the top coat and the TGO, and at the interface between the bond coat and the 
TGO obtained from (a) the adiabatic split solve and (b) the monolithic solve.

Fig. 15. Distributions of the stress component 𝜎22 (unit: Pa) (a, b, c, d) at the interface between the top coat and the TGO as well as at the interface between the 
bond coat and the TGO obtained using different adaptively refined meshes (e, f, g, h). Even though mesh size has an impact on the magnitudes of the tensile and 
compressive stresses, the stress distribution around the TGO region follows the same pattern regardless of the underlying mesh.

around the TGO layer. This is expected since a higher temperature field means that a larger strain field is generated at the interfaces 
between the TGO and neighboring layers due to the mismatch of their thermal expansion coefficients.

The thermomechanically coupled behaviors of the TBC system are simulated using the monolithic approach and the staggered 
approach based on the adiabatic split, respectively. The steady-state solutions of the displacement field and the stress field around 
the TGO layer obtained from these two approaches are compared in Figs. 13 and 14. We can see that the two approaches obtain 
matching results. However, the staggered approach based on the adiabatic split not only preserves the unconditional stability from 
individual time integration techniques (the Crank-Nicolson method and the backward Euler method) for the mechanical phase and 
the thermal phase, but also provides appealing computational efficiency compared with the monolithic approach. Table 5 reports 
the number of degrees of freedom and the computational cost related with the linear solve of the assembled global system from the 
monolithic approach and the staggered approach based on the adiabatic split. The linear solver is a sparse direct solver UMFPACK, 
which is part of the SuiteSparse library. The simulations are run in the same workstation with 11th Gen Intel(R) CoreTM i7-11800H 
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Fig. 16. Impact of the applied relative temperature boundary condition (the reference temperature is Θref = 300 K) at the top surface on the distributions of the stress 
component 𝜎22 (unit: Pa) around the TGO layer: (a) when 𝜗 = 500 K (the absolute temperature is 800 K) and (b) when 𝜗 = 900 K (the absolute temperature is 1200 K). 
The level of stress concentration around the TGO layer is even more prominent when a larger relative temperature (𝜗 = 900 K) is applied at the top surface of the TBC 
system.

Table 5

Computational cost related with the sparse direct solver UMFPACK1 for 
the monolithic approach and the staggered approach used for the finite 
element simulation of the TBC system.

No. DoFs Time per solve (s)

Monolithic 83500 264.0

Adiabatic split 75548 (mechanical phase) 0.853

18887 (thermal phase) 0.047

1https://people .engr .tamu .edu /davis /suitesparse .html.

@ 2.30 GHz × 16. From Table 5, we can see that even the linear system assembled from the monolithic approach is only slightly 
larger than the counterpart of the mechanical phase in the staggered approach, it takes significantly more time per linear solve. This 
is partly because the linear system of the monolithic approach is unsymmetric, as shown in the block matrices of Eq. (15). Moreover, 
part of the diagonal block matrices 𝐊𝒗𝒗 and 𝐊𝒖𝒖 are derived from one type of physics, in this case, the mechanics, while the other 
part of the diagonal block matrix 𝐊𝜗𝜗 is derived from a different type of physics, in this case, the heat conduction. These diagonal 
block matrices have drastically different magnitudes. Therefore, an effective preconditioner would be required to lower the condition 
number of the monolithic system in order to reduce the computational cost, provided an iterative linear solver is adopted. On the 
other hand, the assembled linear systems of the two sub-problems from the staggered approach are both symmetric and have smaller 
sizes. Also, each linear system is derived from one type of physics, namely, the mechanics and the heat conduction, respectively. As 
a result, the computational cost associated with the linear solving stage in the staggered approach is significantly lower. When the 
three-dimensional finite element simulation of the TBC system containing a large number of DoFs (above 106) under long-term cyclic 
thermal loading conditions is required to investigate its transient thermomechanical behavior in real-world applications, the preserved 
unconditional stability from individual time integration techniques and the computational efficiency of the staggered approach based 
on the adiabatic split provide significant advantages.

5. Conclusions and future work

In this paper, we present in detail several numerical approaches to simulate the transient behavior of thermomechanically coupled 
systems, including a monolithic approach and two staggered approaches based on the isothermal split and the adiabatic split, respec-
tively. The provided block matrices in each assembled linear system facilitate the finite element implementation in both open-source 
and commercial finite element packages. More importantly, we apply the above numerical approaches to investigate the thermome-
chanical behavior of a thermal barrier coating (TBC) system containing a multi-layer structure. Particularly, we demonstrate several 
finite element simulation techniques, such as the periodic boundary conditions and the adaptive mesh refinement, which are crucial 
to obtain accurate simulation results with a reasonable computational cost. In addition, we demonstrate the impact of stiff boundary 
conditions on the numerical results when the Crank-Nicolson method is applied, and subsequently how to mitigate the oscillatory 
responses via a simple technique. By comparing the numerical results obtained from the staggered approach based on the adiabatic 
split and the monolithic approach, as well as their computational costs, we show that the adiabatic split not only preserves the un-
conditional stability of individual time integration techniques for the mechanical and thermal sub-problems, but also provide the 
significant computation efficiency. These advantages are especially appealing in the three-dimensional finite element simulation of 
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TBC systems under long-term cyclic thermal loading conditions, which not only contains a large number of degrees of freedom but 
also requires large time steps.

In the provided numerical examples, we only focus on the thermoelastic behavior of the TBC systems. However, we recognize that 
these systems are highly complex and experience continuously changing composition, crystalline phases, and microstructures in real-
world service conditions. For example, the TGO layer growth over time is one of the leading factors resulting in failure and limiting 
the lifespan of the TBC system. Typically, the increasing thickness of the TGO layer due to the gradual oxidization happens over long 
term. In order to reliably simulate the growth of the TGO layer, we believe that there are at least two modeling challenges. First, we 
need a proper multiphysics model to describe the governing law of the TGO layer growth. Such a model could be highly complex due 
to its multiphysics nature. Second, we need a proper numerical scheme that is unconditionally stable, so that we can take large time 
steps during the numerical simulation of the TGO growth that is generally a long-term phenomenon. The current paper focuses on 
tackling the second challenge. We demonstrate that the staggered approach based on the adiabatic split can preserve the unconditional 
stability offered by various time integration techniques such as the backward Euler method and the Crank-Nicolson method. This 
feature would allow us to take large time steps during the investigation of the long-term behavior of the TBC system. Also, comparing 
with the monolithic approach, the staggered approach can significantly reduce the computational cost. Both advantages are crucial 
for the numerical investigation of the TGO growth.

In our ongoing research, we are actively exploring various options to incorporate the TGO growth model into our current com-
putational framework. Some examples of the TGO growth model include the work done by Zhou et al. [27], Min et al. [28], Xiao 
et al. [29]. Since the mechanism of the TGO growth is highly complex, our goal is to achieve a balance between the model sim-
plicity and accuracy. Once a proper governing law of the TGO growth is formulated, we believe our current staggered approach 
can be extended to investigate the TGO growth in a fully coupled chemo-thermo-mechanical framework. Besides the growth of the 
TGO layer, the bond coat experiences phase transformations due to Al depletion and inter-diffusion between the bond coat and the 
substrate. There are various damage mechanisms causing TBC to degrade and fail, which are among the most concerned topics in 
the field of TBC research. For instance, the stress concentration at the interface between the TGO and neighboring layers usually 
leads to the delamination and spallation failure of TBC systems. Even though the numerical simulations in the current work are only 
thermoelastic, the obtained locations of the stress concentration are still crucial for our future investigation about the TBC failure 
modeling, since these locations typically indicate the locations of crack initiation. One of our ongoing research efforts is to combine 
the unconditionally stable staggered approach with some crack propagation modeling techniques, such as the stress-based cohesive 
zone model and the energy-based phase-field model. These topics will be further pursued in our future research with the help of the 
unconditionally stable staggered time integration approach presented in this work.
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