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SUMMARY

The streamline pattern for a two-dimensional degree

elbow with a cascaded outlet is developed by relaxation methods»

It is found that the suction side splitters which are at appreci-

able incidence to the flow tend to produce irregularities in the

elbow discharge»



NATIONAL  RESEARCH COUNCIL

DIV IS ION OF MECHANICAL  ENGINEERING

LABORATORY MEMORANDUM

-3 -

CONTENTS Page

SUMMARY 2

LIST OF ILLUSTRATIONS 3

1 INTRODUCTION U

2 ANALYSIS U

3 RESULTS 5

4 CONCLUSION 5

5 REFERENCE 5

APPENDIX: Flow Theory  and Re laxa t ion  6
Method of So lu t ion»

LIST OF ILLUSTRATIONS

Ti t l e  F igure

Proposed  vo lu te  and nozz l e  s ec t i on  scheme» 1

S impl i f i ed  s ec t i on  through nozz l e  pa s sage  of 2
the unro l led  vo lu t e  and nozz l e s»

S t r eaml ine  pa t t e rn  fo r  a deg ree  elbow 3
with  ca scaded  ou t l e t»

In t e r io r  f low f i e ld  g r id»  U ( s )

In t e r io r  r e l axa t ion  pa t t e rn»  >4 (b)

Flow f i e ld  grid ad j acen t  to bounda ry .  5 ( a )

Re laxa t ion  pa t t e rn  ad j acen t  to bounda ry .  5 (b)

Grid for  f i nd ing  sp l i t t e r  r e s idua l s .  6



NATIONAL  RESEARCH COUNCIL

DIV IS ION OF MECHANICAL  ENGINEERING

LABORATORY MEMORANDUM

A STUDY OF THE STREAMLINE PATTERN TN A TWO-
DIMENSIONAL ELBOW WITH A CASCADED OUTLET AS
DETERMINED BY RELAXATION METHODS,

1 INTRODUCTION

It is proposed to drive the wing-embedded fans for the
fan-in-wing VTOL propulsion scheme by tip turbines. This concept
necessitates distributing the working fluid with uniform mass flow
and velocity around the periphery of the fan and directing it at
the proper angle to impart its energy to the tip-turbine blades.

To accomplish this effect a volute with nozzle openings
in one radial wall is to be developed. Splitters are to be posi-
tioned in the outlet to impart a 2£ degree helix angle to the
working fluid flow vector. Flow acceleration is to be achieved
by convergence of the nozzle passage normal to the splitters, A
sketch of this proposed volute and nozzle scheme is shown in
Figure 1,

This study was undertaken to determine the incidence
effects of the splitters on the flow through the volute and
stator section,

2 ANALYSIS

To maintain continuity and obtain uniform distribution
of mass flow and velocity to the nozzle inlets, a uniform reduc-
tion in the cross-sectional area of the volute is necessary.
It is assumed that this area reduction will be achieved by initial
convergence of the "cylindrical” walls to width of the nozzle
inlets j and subsequent convergence of the radial walls to zero
cross-sectional area. If the volute is unrolled, the cylindrical
surface bisecting the nozzle passages becomes a plane. And if
the resulting configuration is sectioned through this plane, a
two-dimensional flow field is exposed which is very similar to
the simple elbow shown in Figure 2,

Being a two-dimensional elbow, this model cannot reveal
the three-dimensional flow effects of the converging "cylindrical”
wall portion of the volute. However, the two-dimensional picture
of this flow may be approximated by the diffusing part of the
elbow (i,e,, including the first three splitters).

To accentuate the incidence effects on the splitters
a degree, in lieu of a 2$ degree, elbow was studied. Since
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in the prototype the nozzle acceleration is to take place in a
plane normal to the plane being studied, the model elbow was laid
out to produce no net acceleration» The nozzle passage width to
splitter thickness ratio was maintained the same for the model as
for the prototype»

The streamline pattern was obtained by two-dimensional
flow theory and relaxation methods as set out in the Appendix»

3 RESULTS

The streamline pattern for the degree elbow with
four equally spaced splitters is shown in Figure 3»

It is seen that flow near the pressure side of the
elbow is turned by the walls, upstream of the splitters, so that
the splitters are at zero incidence» Thus the flow alignment
performance of the splitters is negligible in this section»

The flow near the suction side of the elbow tends to
approach the splitters at a positive incidence» Figure 3 shows
that where the splitters are at incidence there is an irregular
distribution of flow through the nozzles» One would expect that
this effect is exaggerated by the degree turn of the model as
against the degree prototype turn» Also, to mitigate this
effect the splitter leading edge could be cropped to allow the
flow to accomplish better alignment with the splitters»

In any case, the splitters do not seem to perform to
advantage in turning the flow»

4 CONCLUSION

This study indicates that it may be possible to reduce
the prototype splitter profile pressure loss, without loss of
flow turning effectiveness, by cropping the leading edges»

$ REFERENCE

1 Hildebrand, F»B» Methods of Applied Mathematics»
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APPENDIX

FLOW THEORY AND RELAXATION PIETHOD OF SOLUTION

1 Two-d imens iona l  Po t en t i a l  F low

In  a two-d imens iona l  f l ow  f i e ld  where the  ve loc i ty  V
has  <4- an d y components  xx and the  cond i t i ons  fo r  con t inu i ty
and i r ro t a t i ona l i t y  a r e  r e spec t ive ly :

Α ίν  V = + = 0 ( I )

and

Cur l  V = 3 “' JJ" ~

Po ten t i a l  f l ow  may be de sc r ibed  by two func t ions  of
pos i t i on  which a r e  de f ined  as f o l l ows :

Po ten t i a l  func t ion  $

or  XX. - -r~"“

9

àjand

o _ 2) Ψ, — ‘”T'\ ''St ream func t ion

, _ àΨand xx  = -c—;

func t ion  in to
in to  equa t ion

(3)

(4)

Subs t i t u t i ng  the de f in i t i on  of po t en t i a l
equa t ion  (1 )  and
(2 )  one ob t a in s

the de f in i t i on ? s t r eam func t ion

= 0

= O

+

. i t
2

and

From equa t ions  (3 )  and (U) a f l ow  ne t  may be deve loped
whereby l i ne s  of 4 = a cons t an t  de sc r ibe  f l ow  s t r eaml ines  and
l ine s  of X = a cons t an t  de sc r ibe  ve loc i ty  equ ipo ten t i a l s»  For
the purposes  of t h i s  s t udy  on ly  the s t r eam func t ion  was cons ide red»
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2 Re laxa t ion  Method of So lu t ion

(a )  F in i t e  D i f f e r ence  Equa t ions»

Super imposed  on the f low f i e ld  is  a g r id  of such spac ing
assumed l i nea r  be tween  nodes»s t r eam func t ion  may be --------

th is  gr id  as shown in Figure q. ( a )

■Λ -
po r t ion  of

3_£'
a

a,

tha t  the
Cons ide r

Then

and

A

» Δ +

Η1

_ + ηs imi l a r ly

Then if  the s t r eam funct ion  at  node (o )  s a t i s f i e s
equa t ions ,  , . ,

+ 4- + - 4 = O = J- i  +■ - j-r 2
ν'

Lap lace  ’ s

Otherwises ,  the deg ree  of approx ima t ion  to a so lu t i on  of Lap lace ’ s
equa t ion  is  r ep re sen ted  by the r e s idua l s ,

Ro = + + ( 5)

(b)  I n t e rna l  Nodes»

The e f f ec t  of a change in the t r i a l  s t r eam func t ion  on
the r e s idua l s  at  an internal  node and i t s  ad j acen t  neighbours
may be ob t a ined  by cons ide r ing  equa t ion  (5)  a t  the s a id  nodes»
A g raph ica l  r ep re sen t a t i on  of t h i s  e f f ec t  is  the r e l axa t ion
pa t t e rn  shown in F igure  U (b ) ,  where the enc i r c l ed  numbers repre
sen t  r e s idua l  changes  for  a change in s t r eam func t ion  of plus
one a t  node ( o ) «
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(c )  Boundary Nodes «

Cons ide r  a node nea r  a boundary  as shown In Figure 5 ( a )  o
The boundary has r educed the arms 02 and 0I4 to the p ropor t ions
m = and «

a.

become ,

and
1

- r e spec t ive ly . ,  The f i n i t e  d i f f e r ence  equa t ions

Ψ +
a 2

s imi l a r ly , £+  - φ Ψ — /c -t- Ψ*
a2

Then R. = + A ♦ ‘Ά + (6)• û irm /) 0

Since  the r e s idua l s  at  nodes (1)  and (3)  are  una f f ec t ed
by the p rox imi ty  of the  boundary the r e su l t i ng  r e l axa t ion  pa t t e rn
is  as shown in F igure  5 (b )  0 If only one g r id  arm is  i n t e r cep ted
by a boundary ,  m or n becomes un i ty  fo r  the o ther  arm. If more
than two arms are  i n t e r cep t ed  a f i ne r  g r id  should  be u sed .

(d)  So lu t ion  Procedure  <>

The so lu t i on  p rocedure  cons i s t s  o f ;

( i )  e s t ab l i sh ing  s t r eam funct ion  va lues  fo r  the bounda r i e s
of the f low f i e ldo

( i i )  a s suming  va lues  for  a l l  i n t e r io r  nodes  o

( i i i )  eva lua t ing  r e s idua l s  at  t hese  nodes via equa t ions  (5)
and ( 6 ) o

( iv)  r e l ax ing  the r e s idua l s  by ad jus t i ng  funct ion and r e s idua l
va lues  throughout  the g r id  via the  r e l axa t ion  pa t t e rns



NATIONAL  RESEARCH COUNCIL

DIV IS ION OF MECHANICAL  ENGINEERING

LABORATORY MEMORANDUM

9.

un t i l  a l l  r e s idua l s  are  wi th in  a p r ede t e rmined  to l e r ance . .

S ince  boundary  va lues  are  cons t an t ,  boundary r e s idua l s
are  not eva lua t ed  excep t  as d i s cus sed  in the subsequen t  s ec t i on . .

Block r e l axa t ion  and over  or  under r e l axa t ion  t echn iques
are  ou t l i ned  in Re fe rence  1« S ince  the ove r - a l l  r e s idua l  is
r educed  only  by r e l ax ing  nodes ad j acen t  to the bounda r i e s ,  the
so lu t i on  may be exped i t ed  by pushing l a rge  r e s idua l s  towards  the
bounda r i e s»  Frequent  r ev i ew  of the r e s idua l s  during the so lu t i on
may r educe  compu ta t i on  t ime by avo id ing  the p ropaga t ion  of e r ro r s»

(e )  In te rna l  Bounda r i e s»

Lap lace ' s  equa t ion  wi l l  y ie ld  a un ique  so lu t i on  fo r
each s e t  of boundary  va lues ,  but i t  w i l l  not d i f f e r en t i a t e
be tween  ups t r eam and downs t r eam nor i nd i ca t e  the va l i d i t y  of the
boundary va lues»  For the case  of boundar ies  immersed in  the f low
f i e ld  ( sp l i t t e r s ) ,  i t  becomes neces sa ry  to ve r i fy  assumed boundary
va lues  as t hey  are  dependent  on the f low f i e ld»

With midpoin t  of the sp l i t t e r  l e ad ing  edge as one node
a g r id  is de f ined  wi th  i t s  axes pa ra l l e l  and normal  to the sp l i t t e r
cen t r e l i ne»  The gr id  w i l l  be su f f i c i en t ly  f ine  t ha t  the l e ad ing
edge node and the node immed ia t e ly  ups t r eam wi l l  have e s sen t i a l l y
the same va lues  of s t r eam func t ion»  If such a node immed ia t e ly
ups t r eam of the l e ad ing  edge s a t i s f i e s  Lap lace ’ s  equa t ion  i t  may
be assumed tha t  the l oca l  f l ow f i e ld  is  a l i gned  with the sp l i t t e r
and t ha t  i t s  assumed boundary s t r eam func t ion  is co r r ec t»

Essen t i a l l y  the same r e su l t s  are  ob t a ined  by cons ide r ing
the l e ad ing  edge node as the one of i n t e r e s t ,  with one arm of the
r e l axa t ion  pa t t e rn  p ro j ec t ed  a long  the sp l i t t e r  c en t r e l i ne ,  as
shown in F igure  6» Then s ince  - Ψα the r e s idua l  equa t ion
becomes  ;

" 3 4 ( / )

The l e ad ing  edge r e l axa t ion  pa t t e rn  i s  s e t  up with the same
spac ing  as the  f low f i e ld  g r id  s ince  the s t r eam func t ion  is
assumed l i nea r  over  such d i s t ances»

Subsequen t  to i n i t i a l  r e l axa t ion  of the f low f i e ld
re s idua l s  to  wi th in  t o l e r ance ,  the sp l i t t e r  s t r eam func t ion
va lues  are  ve r i f i ed  by eva lua t ing  the l e ad ing  edge r e s idua l s
via equa t ion  (7 ) °  Then the  sp l i t t e r  s t r eam func t ion  va lues  are
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adjusted to reduce these residuals, which necessitates further
relaxation of the field nodes » This process is iterative until
the splitter leading edge residual is within the tolerance»

The foregoing technique was verified through application
to a straight, infinitesimally thick, splitter in a straight
passage» The splitter was initially assigned an obviously erro-
neous stream function and the result of applying the above tech-
nique was to bring the splitter function to within the residual
tolerance of the correct value»



FIG.  I PROPOSED VOLUTE AND NOZZLE SECTION SCHEME
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FIG. 4 b INTERIOR RELAXATION PATTERN
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GRID  FOR F INDING SPL ITTER RESIDUALSFIG .  6
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