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Abstract
Quantum technologies require pure states, which are often generated by extreme refrigeration.Heat-
bath algorithmic cooling is the theoretically optimal refrigeration technique: it shuttles entropy from a
multiparticle system to a thermal bath, thereby generating a quantum state with a high degree of
purity. Here, we showhow to surpass this hitherto-optimal technique by taking advantage of a single
binary-outcomemeasurement. Our protocols can create arbitrary numbers of pure quantum states
without any residualmixedness by using a recently discovered device known as a quantum switch to
put two operations in superposition, with postselection certifying the complete purification.

1. Introduction

Quantum technologies promise dramatic improvements in computation, communication,metrology, and
more. The vastmajority of protocols require access to pure quantum states, which are typically provided by
extreme refrigeration ofmixed quantum states, but refrigeration has intrinsic limits and cannot be applied in all
physical scenarios. Towit, cooling of trapped-ion and nuclear-magnetic-resonance systems, among others, will
always leave some residualmixedness that degrades the purity of the quantum states [1–3].

Heat-bath algorithmic cooling (HBAC)was introduced as amethod for simultaneously cooling a large
ensemble of qubits, themost basic building blocks of quantum technologies. By serially replacing one of the
qubits with one that was in thermal equilibriumwith a large heat bath and performing a ‘compression’
transformation on the qubits, as depicted infigure 1(a)–(b), entropy can be shuttled to the bath to cool themulti-
qubit system [1–3]. This idea has been comprehensively investigated [4–12] and experimentally
demonstrated [13, 14].

There is a fundamental limit to the cooling and therefore the purity thatHBAC can achieve [4–6]. This was
recently shown to stem from assumptions about the unitarity of transformations on themulti-qubit systems
[11] and precludes any of the resulting states from ever being completely pure; instead, the optimal state is the
probabilisticmixture given in equation (4).4We here show that, by allowing formultiple unitary
transformations to be applied in a superposition of their order, one can create completely pure states in a
heralded fashion. A postselectivemeasurement on a single control qubit allows us to unearth the absolutely pure
component of a state with an unlimited number of qubits, reminiscent of the one clean qubitmodel of quantum
computing [15]. Thesemethods simultaneously cool all of the qubits to their ground states, thereby certifiably
circumventing the limits that were previously imposed onHBAC.

Thatmeasurementmay helpwith purification is trivial: projective vonNeumannmeasurements should
suffice for generating pure quantum states. However, this naive picture is too simplistic, as it requires n ideal
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binary-outcomemeasurements to purify n qubits. Alternativemeasurement-based purification schemes exist
that requiremanymeasurements or only converge toward the purest state [16–28], such as a recent idea that
proposes to perform?nmeasurements on a single auxiliary qubit to purify n qubits (with some finite success
probability that decays exponentially with n) [29] and one that seeks to reduce the number ofmeasurements by
using techniques from reinforcement learning [30]. In comparison, ourmethod can completely purify n qubits
with a single binarymeasurement (and arbitrarily high success probability). This provides a significant advantage
in any settingwheremeasurements are challenging and realistic imperfectionsmust be taken into account,
whichwe address in this work.

Coherently controlled superpositions have become extremely relevant over the last decade. This
phenomenon, often studied through the lens of indefinite causal order (ICO), has already been shown to break
quantum limits in computation [31–34], communication [35–41], metrology [42–45], and thermodynamics
[46–48], each of whichwere already known to outperform classical versions of the same protocols. ICOhas been
demonstrated in a number of groundbreaking experiments [49–57], many of which rely on a device known as a
quantum switch to enable superpositions of the order inwhich unitary operations are applied to a system.
Perhaps evenmore importantly, ICOprovides a new approach to thinking about old problems and can inspire
simpler solutions with definite causal order that take advantage of coherent superpositions of operations to
achieve the same goals [58–60]. This is a powerful new tool that is only beginning to be understood so, while it is
remarkable tofind yet another important application for coherent superpositions of unitaries, it would not be
surprising to discover that coherent-superposition protocols havemanymore varied applications that we are
only beginning to fathom.

In ourfirst protocol, we applyHBACuntil it converges to its optimal final state and then replace the optimal
unitary compression fromHBACwith a controlled superposition of two unitaries that each achieve the original
transformation, nowdepicted infigure 1(c). This replacementmaintains the spirit ofHBACby adding a single
auxiliary pure qubit to the compression step andnot performing anymeasurements on the qubits to be purified,
which is especially negligible in the limit of large numbers of qubits to be purified.Measuring the control in a
superposition basis can then herald the creation of an unlimited number of completely pure qubits.We next
explore and compare purification protocols that incorporate controlled operationswith different unitaries to
achieve even faster purification, which can be optimized in terms of the temperature of the heat bath and other
physical resources.Wefind that an unlimited number of pure states can be createdwith a fixed number of input
pure states with any desired probability of success arbitrarily close to 100%, easily justifying the introduction of

Figure 1. Schematic ofHBACaugmentedwithpostselection and coherent superpositions induced by the quantum switch. Standard
HBACprotocols repeatedly apply (a) and (b); here, step (c) is added aftermany cycles of steps (a) and (b). (a)Oneof a series of particles is
replacedby a particle that has thermalizedwith an external heat bath. (b)Aunitary operation shuttles entropy from theparticles on the
left to those on the right, thereby cooling the particles on the left. (c)Acontrol qubit in a superposition state causes twounitariesU andU†

to be applied to the particles in a superposition dependent on the state of the control.Measuring the control to be |+ 〉 completely
purifies all but one particle;measuring the control to be |− 〉 requires a repetitionof the protocol. The numberof purifiedparticlesn is
unlimited andhas negligible impact on the success probability. Theprobability of success can be increased arbitrarily by choosing
appropriate unitariesU.
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auxiliary pure qubits andmaking all of our techniques broadly applicable to quantum refrigeration and
purification.

Coherent superpositions have already been studied in the context of cooling through ICO [47, 59, 61], where
quantum states can be serially cooled through subsequent applications of an ICO-cooling procedure. In
contrast, ourmethod achieves the ultimate cooling limit, that of pure states, by combining standardHBACwith
a single coherent superposition step. StandardHBAC achieves themajority of the cooling, then ourmethod
certifies completion of the cooling in a heraldedmanner. This outperforms all other classical and quantum
refrigerators and has implications for the role of coherence andmeasurement in thermodynamics.

2.Heat-bath algorithmic cooling (HBAC)

The original techniques forHBAChave improved over the past few years.While the technique of [4] is optimal
in that it achieves the cooling limit of [5], it is state dependent and thus complex to implement. It was superseded
by the technique of [8], which allows the ultimate cooling limit to be achievedwithout any knowledge of the state
being cooled; we sketch this technique here [see figures 1(a)–(b)].

The initial state to be cooled has n+ 1 qubits in a state represented by the densitymatrix ρ that need not take
any particular form.Ultimately, the goal is to create the pure, ground state |g〉= |g〉⊗n+1, with the realistic goal
being to create a state with as large of a probability as possible of being found in this state.We have access to a
thermal bath at some temperatureT fromwhichwe can extract thermalized qubits with densitymatrices

( ) ( )r =
e

e-z

1 e 0
0 e

, 1R

while also being able to send any qubit to the bath such that it thermalizes into state ρR, as is the standard
assumption inHBAC [2–8, 13, 14] and can be achieved throughmethods such as sympathetic cooling [62].
Here, the subscript R stands for ‘reset,’ the qubit is taken to be in the basis of ground and excited states |g〉 and |e〉
whose energies differ byΔ= 2εkBT> 0, e=z 2 cosh is a normalization constant, andwe have assumed the bath
to be sufficiently large such that it quickly thermalizes on a timescalemore rapid than any other relevant to the
rest of the protocol and thus can be used as an entropy repositorywithout noticeably changing in temperature.

First, whatever is occupying the position of the reset qubit is removed from the state and replacedwith the
state ρR. This ismathematically represented by the operation [figure 1(a)] ( )r r r ÄTr RR , where TrR is the
partial trace removing the qubit in the reset position. This tends to send entropy to the bath because the reset
qubit tends to have a higher temperature and entropy than the bath qubits. Extensions toHBAC that allow
access to the internal dynamics of the bath [9]will be addressed later and essentially allowone to completely cool
the entire systemby allowing arbitrary quantum channels to be imposed on a state, which is an unlimited
resource for state preparation [63]. Next, a unitary operation [figure 1(b); we are using the computational basis]

( ) ( )  s s=
-

U Diag 1, , , , 1 , 2x x

2 1 timesn

whereσx is a Paulimatrix and all of the off-diagonal entries are null, acts on the state to shift the larger
probabilities like eε toward the |g〉 part of the system and the smaller probabilities like e−ε toward the opposite
end, thereby concentrating the entropy toward the reset qubit. This ‘two-sort’unitary can be efficiently
implemented [8] using techniques from [64] or themore recent techniques of [65]. The entire process is then
repeated until, with a high degree of probability, the state reaches the theoretically coldest (most pure) state
possible withHBAC; asmuch entropy as possible with thismethod has been pumped from the state into the
thermal bath. The larger n is, themore challengingU is to implement and themore steps are required until the
protocol converges.

Only the diagonal elements of the densitymatrix are relevant to evaluating the success of this protocol.
Denoting these by the 2n+1-component vectorλt after the tth iteration of the protocol, lt

1 represents the
probability offinding the state to be |g〉, lt

2 the probability of all of the qubits being in their ground states except
for the reset qubit, and so on. Alternatively, we can focus on the probability distribution for the n qubits after
ignoring the reset qubit, nowdenoted by the 2n-component vector pt. In terms of these components, the
removal of the reset qubit ensures l l= +-pk

t
k

t
k

t
2 1 2 (1� k� 2n), the addition of a thermal state leads to the

intermediary probabilities l = e
-

¢
p zek

t
k
t

2 1 and l = e¢ -p zek
t

k
t

2 (1� k� 2n), and the two-sort unitary

rearranges the resulting vector to obey l l=+
+

¢
k

t
k

t
2

1
2 1 and l l=+

+ ¢
k

t
k

t
2 1

1
2 (1� k< 2n). Overall, the probabilities are

updated according to the rules pt+1=Tpt, with transfermatrix

3

J. Phys. Commun. 7 (2023) 015003 AZGoldberg andKHeshami



( )





  


=

e e

e e

e

e e

-

-

- -

T
z

1

e e 0 0
e 0 e 0
0 e 0 0
0 0
0 0 e e

. 3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

BecauseT is almost a tridiagonal Toeplitzmatrix, other than the first and last entries on itsmain diagonal, its
eigenvalues can readily be computed. It has a single dominant eigenvalue corresponding to the hitherto-ultimate
eigenstate

( ) ( )( )
( )=

-
-

e

e
e e e¥

-

-
- - - -p

1 e

1 e
1, e , e , ,e , 4

2

2 2
2 4 2 1 2

n

n 

which is denoted by the superscript∞ because it is the ultimatefinal state towardwhichHBACprotocols evolve
regardless of the initial state ρ. Notably, none of the qubits is completely pure: The purity of the jth qubit ( )rTr j

2

ranges from
( )

» - e+
+

-e

e

+
+

1 2ee 1

e 1
2

n

n

n2 1

2 2

1
for themost pure qubit to ( )e+ » +1 tanh1

2
2 1

2

2 for the least pure qubit,

while a pure qubit has ( )r =Tr 1j
2 . These can also be expressed in terms of effective temperatures for the jth

qubit through the standard relation
( )

( )
e=

r

r
-

-
T T2 coshj

1
Tr

1 Tr

j

j

2

2 , which show themost pure qubit to be at the tiny

temperatureT/2n−1 and the least pure qubit to be at the temperature of the thermal bath. Pure qubits have
effective temperatureTj= 0 andmaximallymixed qubits have effective temperatureTj→∞. PerformingHBAC
for an infinite amount of timewill never supersede these purity and temperature limits. This is the benchmark
thatHBACprotocols employing controlled superpositions are presently shown to beat.

3. The quantum switch

ICO leads to intriguing questions about the nature of causality [66–74]. One of its offshoots is the development
of a ‘quantum switch,’whose theoreticalmotivation [31, 75–79] and subsequent experimental implementation
[49–57] have pushed the capabilities of quantum technologies well beyondwhat can be achievedwithout it [80].
Wewill show that a quantum switch is the only tool that we need in order to outperformHBACprotocols. In
fact, the essential feature of quantum switches is that they create controlled superpositions of unitary operations,
which leads us to discover other protocols with definite causal order that also herald perfect purification.

A quantum switch allows a single ‘control’ state to control the order inwhich quantumoperations are
applied to a target state. For example, a two-switch can be represented by the unitary operator

∣ ∣ ∣ ∣ ( )= ñ á Ä + ñ á ÄU U U U U0 0 1 1 : 5B A A BICO control control

UA is applied beforeUBwhen the control state is |0〉 andUB is applied beforeUAwhen the control state is |1〉 [75].
We define the superposition states ∣ ∣ ∣ñ = ñ ñ

.
0 1

2
If the control system is prepared in |+〉 and the unitary is

applied, the state of the control will be entangledwith the state of the system. Then, if the control ismeasured to
be |± 〉, which occurs with probability P±, the target systemwill evolve as

(
) ( )

† † † †

† † † †

r r r

r r

 +

  

U U U U U U U U

U U U U U U U U P4 . 6

A B B A B A A B

A B A B B A B A

Thefirst two terms are the convex combinations of the two orders of unitaries being applied, while the final two
terms are unique interference effects stemming from ICO. These interference effects arewhat allow ICO to
outperform standard quantummethods for a growing number of protocols. Since they stem from interference
and postselection, we showhow to achieve our results using definite causal order andmerely taking advantage of
interference and postselection.

4. The quantum switch and postselection dramatically improveHBAC

Putting together the pieces, we considerHBAC augmentedwith controlled superpositions and postselection
(‘HBAC+PS’ in table 1): after applying standardHBAC and exhausting its usefulness to create the state given in
equation (4), we replace the unitary transformationUwith a pair of unitary transformationsUA andUBwhose
order of application is controlled by a single auxiliary qubit (figure 1).We chooseUA andUB such that both of
the combined unitariesUAUB andUBUA independently lead to the transformationmatrixT to avoid straying
from the assumptions ofHBAC,with the interference effects arising only from ICO through equation (6). These
are defined by
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By choosing unitariesUA andUB that are fixed a priori, we do not require a generic quantum switch that will
allow for a controlled superposition of arbitrary pairs of unitaries, such that our protocols can equally be
achieved using any controlled operation that yieldsUICO; implementingU=UBUA andU

†=UAUB conditional
on the state of the control being |0〉 and |1〉, respectively, will suffice. This allows us to take techniques inspired by
ICO to devise new protocols withfixed causal structures that significantly outperformprevious protocols.

Becauseσyσz= iσx andσzσy=− iσx, many cancellations result from equation (6). The probabilities now
rearrange as ( )l l= + ¢

1 1 2t t
1

1
1 , ( )l l= + ¢

+ + 1 1 2t t
2

1
2n n1 1 , and ( )l l=+

+
¢

1 1 2k
t

k
t

2
1

2 1 and

( )l l=+
+ ¢

1 1 2k
t

k
t

2 1
1

2 for 1� k< 2n.When this quantum switch is added to the aboveHBACprotocol and the
control ismeasured to be |+ 〉, the transfermatrix becomes (see appendix A for a didactic calculation)

( ) ( )  µ e e
+

-

-T
z

e
1

Diag e , 0, ,0 , . 8
2 2 timesn

Simplymeasuring one of the target system’s n qubits in the ground/excited-state basis collapses the remaining n
− 1 qubits to either the completely pure state |g〉 or the similarly-defined completely pure state |e〉 (this step is
not depicted infigure 1 becausewewill see that it can be circumvented). Since the result is directly known, the
resulting state has been completely purified, and a simple ‘π pulse’ can be applied to each qubit to
deterministically enact the transformation |e〉→ |g〉. In fact, because onlyλ1 and l +2n 1 are nonzerowhen the
control ismeasured to be |+ 〉, this creates n pure qubits, eachwith purity ( )r =Tr 1j

2 and effective temperature

Tj= 0. This thus achieves the ultimate goal ofHBACwithout being limited by the final state of equation (4).
The probability ofmeasuring the control to be |+ 〉 tends quickly toward ( ) e= - »e e

+
-P z1 e e2 for

moderate-to-large n, similar to the probability of success in [81]. This probability is independent of n such that
any number of pure qubits can be createdwithout decreasing the probability of success andwithout increasing
the number of qubits that need to bemeasured. The extra thermodynamic cost for increased n only comes via
the standard increasedHBAC cost of achieving the state given in equation (4); regardless of n, a single positive
measurement will suffice to purify an unlimited number of states to each have purity 1 and effective temperature
0. For completeness, we provide the transfermatrix for the case when the control ismeasured to be |− 〉:T−=T
−T+. If this result is obtained, the overall process can simply be repeated until the control qubit ismeasured to
be |+ 〉, such that the success of the protocol is unequivocally known.

How can our protocol overcomewhat was previously thought to be a fundamental limit? [11, 82–84]. Simply
supplying a pure auxiliary qubit to a standardHBACprotocol does not achieve the same goal, because that can
only be used to create a single pure qubit [11, 82–84]. The key is that, even thoughUICO is unitary, our protocol

Table 1.Resources required and probability of success of purification schemes using
postselection. Thefirst resource is a thermal bathwith a fixed temperatureT that can dissipate
entropy from any qubit put in contact with it until the qubit reaches temperatureT. For a
qubit with energy gapΔ, this resource is quantified by ε=Δ/2kBT. Colder bath temperatures
lead to larger values of ε. The second resource is the number of auxiliary pure qubits required
to power the cooling algorithm.Most of our algorithms only require one such auxiliary pure
qubit, while the PS tree sortmethod can have n* reduced to 1 if quantumnondemolition
measurements are used. The number of output pure qubits informs us of the usefulness of the
algorithm, telling us howmany qubits the algorithmwill certify to be pure. The probability of
successP+ dictates howmany times the algorithmwill have to be repeated, on average

( )+P1 times, in order to obtain that number of output pure qubits. A full repetition of the
algorithm forHBAC,HBAC+PS, andHBAC+kPS can require full or partialHBAC to
recreate an initial state close to that of equation (4). The phrase ‘pure qubit’ refers to having
purity ( )r =Tr 1j

2 and is equivalent to a qubit having effective temperatureTj=0.There is no

upper limit to the integer n; HBAC+kPS ismost useful because the probability of success can
be increased exponentially with kwhile creating an unlimited number n+ 1− k pure qubits.

Scheme Bath Input pure qubits Output pure qubits P+

HBAC ε 0 0 1

HBAC+PS ε 1 n ε

PS tree sort none n* n 1

PS alone none 1 n l l+1
0

2
0

HBAC+kPS ε 1 n+ 1− k 2kε
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involves a singlemeasurement step that allows us to avoid the assumptions of [11]. Adding ameasurement step
to standardHBACwould not help: since thefinal state is the probabilisticmixture given in equation (4), no
measurement result will herald the rest of the qubits being pure. It is the combination of coherent superpositions
of unitaries controlled by a single auxiliary qubit with themeasurement of that single qubit, whichwe argue is a
minimal addition toHBAC that provides significant benefits, that allows us to herald the creation of unlimited
pure-qubit states.

One could argue that performing a projectivemeasurement on each of the n qubits from equation (4)would
suffice to purify the entire system. Such a procedure, however, comes at a steep cost, including caveats such as:
(a) If themeasurements are in anyway destructive, the purified qubits will be degraded orworthless; in contrast,
ourmeasurements are performed on auxiliary qubits, which need not be preserved; (b)The apparatus required
to perform a large number ofmeasurements is certainlymore complicated than that required to perform a single
measurement, with the former perhaps requiring synchronization tomeasure and purify all n qubits
simultaneously or quantummemories to store the purified qubits; and (c)An imperfectmeasurement that
leaves themeasured qubit in the desired statewith probability 1− δwill provide uswith n qubits in their ground
states with probability 1− δ, in contrast to the serialmeasurement protocol that could only achieve the same
result with an exponentially poorer probability (1− δ)n. Together, these show that only judiciousmeasurements
can be used for state purification.

When the postselection fails toomany times, one has to repeat theHBACprocedure before trying the
controlled superposition again, which is costly. Fortunately, we canfind related protocols that increase the
probability of postselection success by an arbitrary amount, such that one can performHBAConce, exhaust its
usefulness, then use the quantum switch once to herald the complete purification of the vastmajority of the
states with arbitrarily high success probability.We turn to these ideas next.

5. Refining the idea

The key to the advantage of postselection comes from the cancellations conferred byUICO relative to the regular
sorting unitaryU.We have introduced these cancellations as replacing a single step in theHBACprotocol, but
they can, in fact, replace the entire protocol. Aswell, different unitariesU can dramatically increase the
probability of successful postselection.We shed light on some of themany avenues downwhich one can proceed
after adding quantum switches to their toolbox.

First, consider generalizing the superposed unitariesUA andUB by changing the locations of the Pauli
matrices on their diagonals. If we choose

( ) ( )     s s=
-

U Diag 1, ,1 , , , 9A y y

2 times 2 times
n n 1

and similarly forUBwithσz replacing eachσy, we find the transfermatrices

( )

( ) ( )

     

     s s

µ

µ

+

-
-

S

S

Diag 1, ,1 , 0, ,0 ,

Diag 0, ,0 , , , 10x x

2 times 2 times

2 times 2 times

n n

n n 1

for the evolution of the coefficients of the entire stateλt+1= S±λ
t conditioned onmeasuring the control to be in

state |± 〉. Since these transformations hold for arbitrary permutations of the locations of the Paulimatrices on
the diagonals ofUA andUB, this process can be repeated n times so that the resulting densitymatrix will be
guaranteed to have n pure qubits and onemixed qubit, whichwe call the ‘PS tree sort’method (table 1).
However, this latter process requires n pure qubits to enable the n applications of the quantum switch, so itmay
not be physically useful.5

We thus see that applying controlled unitaries to upgradeHBACprotocols requires nuance. At least one
pure qubitmust be used to enable postselection, while the goal ofHBAC is to generate a large number of pure
qubits. It then follows that one can tailor anHBAC+PS setup to optimize the number of pure qubits generated
for a given number of input pure qubits, desired probability of success, and temperature of the heat bath, among
other parameters.

For a given initial n+ 1-qubit state, the ideal single-quantum-switch process usesUA andUB similar to that
of equation (7):

5
This latter process is only useful if the control qubit can bemeasured nondestructively such that a single pure qubit can be recycled for all n

processes.
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Then, the coherent superposition step alone (‘PS alone’ in table 1) yields n pure qubits aftermeasuring or simply
ignoring the reset qubit, conditional onfinding the control qubit to be |+ 〉. This is depicted infigure 1(c), where
the reset qubitmay be ignored at the end of the entire protocol.What is the probability of success for this
protocol? It is l l+1

0
2
0, the same as the probability of the original system to have all of the final n qubits be in

their ground states. For a large number of qubits, this probabilitymay be low, but themeasurement can be
repeated indefinitely until it is successful.

HBAC can help here (‘HBAC+1PS’ in table 1): after performingHBACwith a large number of qubits, the
probability distribution tends toward p∞, withwhich the probability of purification success becomes double
that of ‘HBAC+PS:’

( ) l l e e= + = »+
¥ ¥ ¥

+
P p 2 ,

1

2
1. 12

n1 2 1 1

Oneneed only repeat the process ( )e=m 1 times in order to achieve any desired success probability Pdes,
which can be used tomake an unlimited number n?m pure qubits. Small ε corresponds to a hot heat bath and
closely spaced energy levels |g〉 and |e〉, so this allows for significant refrigeration evenwith a hot bath. This works
because the probability of success remains approximately constant with increasing n. For example, ε∼ 10−5 at
room temperature [1] requires a supply of ( )105 pure qubits to create, for example, ( )101010 pure qubits. If,
instead, one has access to a cold thermal bath around 0.1K, with large ( )e ~ 0.1 [1], the probability of success
tends to unitywith ( )10 protocols, so only ten pure qubits need be supplied to generate an immense number

( )~n 101010 pure qubits.
In a regimewithminiscule ε, one can employ other tricks to improve the protocol. One can create a

quantum switchwith the unitaries from equation (11) replaced by unitaries with 2k ones placed on themain
diagonal before the remaining 2n− 2k−1 Paulimatrices for some integer k. Successfullymeasuring the control to
be |+ 〉 and ignoring the final k qubits will then yield n+ 1− k pure qubits in their ground states (‘HBAC+kPS’
in table 1). Combinedwith theHBACprotocol, this will succeedwith probability

( )e e=
-
-

»
e

e+

-

- +P
1 e

1 e
2 2 1. 13k k

2

2

k

n 1

Evenwith k= n, the leading-order term 2kε can significantly hasten the convergence to a successful result. This
nowonly requires ( )e= - -m 2 k 1 trials to succeed in creating n+ 1− k?m pure qubits. For example, with
room temperature ε≈ 10−5, purifying k= 20 fewer qubits out of any large number nwill have a success
probability greater than 99.99% for a single input pure qubit. This is in stark contrast to any othermethod that
cools a system through a singlemeasurement, where the probability cannot be increased past ò [81].Many such
tricks can further expediteHBACusing controlled superpositions and postselection, thus establishing the
import of quantum switches and related technologies to cooling protocols.

6. Controlled superpositions inspired by ICO

Finally, we show evenmore explicitly how ICO and the quantum switch inspire other heraldedmethods using
definite causal order to break the limits ofHBAC.Whenwe designed our protocols above, we started by breaking
the optimal unitary from standardHBAC into two parts such that applying eitherU=UBUA orU

†=UAUB

would achieve the same result as standardHBAC.Now, instead, we design completely new unitaries that have
the same interference properties asU andU† but bear no resemblance to the original unitary fromHBAC. The
same results as our above protocols can be obtained, for example, by using controlled superpositions of the form
V= |0〉〈0|⊗ v+ |1〉〈1|⊗ v†, where v=Diag(1, 1, i,L ,i), with the interference again coming frompostselection.
We can use similar tricks to increase the probabilities of success tomatch that ofHBAC+kPS by changing the
number of 1s before the remaining is on the diagonal of v. These postselective controlled superpositionmethods
inspired by ICO can bemuch simpler to implement in practice and can readily be used to outperformHBAC.

In this section, we provide an explicit scheme for an augmentedHBACprotocol that is inspired by the
quantum switch, which, to the best of our knowledge, has never before been demonstrated. The unitaries we
would like to implement take the form

7

J. Phys. Commun. 7 (2023) 015003 AZGoldberg andKHeshami



∣ ∣ ∣ ∣ ( )†= ñ á Ä + ñ á ÄV v v0 0 1 1 , 14k k kcontrol control

where

( ) ( )   =

-+

v Diag 1, ,1 , i, ,i . 15k

2 times 2 2 times
k n k1

Becausewe are not restricted to 2n+1− 2k being an even number, k can be as small as 0, unlike the protocols in
themain text that are restricted to k� 1.

Thefirst step to create the unitaries is a regular controlled operation, as depicted infigure 2. There, the state
of the control qubit dictates which of the two unitaries vk or

†vk is applied to the target system, enacting
equation (14). A control in the superposition state then yields entanglement between the control state and the
unitarily evolved target state. As in theHBAC+kPS protocol, successfullymeasuring the control to be in state
|+ 〉 and ignoring thefinal k qubits will herald the creation of n+ 1− k completely purified qubits. This happens
with the arbitrarily large probability given in equation (13).Measuring the control to be in state |− 〉, which
happenswith probability 1−P+ dwindling exponentially with k, requires a repetition of the protocol.

Next, we outline possible realizations of the unitaries vk from equation (15). These unitaries look like
controlled gates, where a relative phase of i is applied to every statewhose first n+ 1− k qubits are not all in state
|g〉.We can rewrite these unitaries as

 [ (∣ ∣) ] ( )= - ñá ÄÄ + Ä + - Äv g gi . 16k
n n k k1 1

This is the application of an overall phase i to the entire state and then a relative phase−i controlled by thefirst n
+ 1− k qubits, which is depicted infigure 3. Suchmultiply controlled gates can be further broken down into
simpler gatemodels using the construction in [64]. Overall, onceHBAChas exhausted its usefulness, these steps
provide a deterministic routine for cooling the vastmajority of the qubits to their ground states using a single
binary-outcomemeasurement that has arbitrarily large probability of success.

Figure 2.Quantum circuit diagram for the creation of n+ 1− k pure qubits using a single pure control qubit. The unitary vk ( †vk ) is
applied to the target qubits when the control is in state |0〉 (|1〉) such that a superposed control state ∣ (∣ ∣ )ñ = ñ  ñ0 1 2 yields an
overall entangled state.When the control ismeasured to be in |+ 〉 at the end, thefirst n+ 1− k qubits are guaranteed to be pure. The
specific unitaries vk are depicted infigure 3.

Figure 3.Quantum circuit diagram for the application of a relative phase i to a specific subset of states. Even though all n+ 1 qubits
comprise the target system in the overall schematic offigure 2, we split them into n+ 1− k qubits controlling the remaining k target
qubits for this schematic.When the first n+ 1− k qubits are in state |g〉, a relative phase of−i is applied. The overall phase of i can be
applied either before or after the relative phase.
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7. Concluding remarks

Wehave shown that protocols incorporating coherent superpositions and postselection can outperformHBAC
protocols that were previously thought to be optimal. Our protocolsmake use of a quantum switch to apply a
superposition of two unitary operations in place of the single unitary in standard algorithmic cooling protocols,
deterministically generating a vast number of completely pure quantum states. This solidifies the import of ICO
in instructing us how to surpass quantum limits that themselves already supersede classical bounds.

A few final comments pertain. First, onemust be aware of the cost of doing a regularHBACprotocol to
generate the probability distribution p∞; thismust be repeatedm times to successfully generate the pure qubits.
However, one can also calculate the effect thatT− has on p∞, whichmay be negligible evenwhen repeated a
number of times, so onemay only need to repeat theHBACprotocol a fraction ofm timeswhile implementing
controlled superpositions and postselectionm times. Onemay further select the optimal ICOprotocol or ICO-
inspired protocol whoseT−has the least effect on p∞ and that requires the lowest value ofm, such asHBAC
+20PSwithm≈ 1. Second, theHBACpart of the protocol can readily be replaced by the extendedHBAC
method developed in [9]when it is physically convenient to diagonalize the target system in its energy eigenbasis
and to vary the dynamics between the thermal bath and the target system, so the cost of theHBACportion of our
protocol can thereby be diminished.When those dynamics can be arbitrarily controlled, the system can always
trivially be cooled; this is because adding an auxiliary system, performing an arbitrary joint interaction, then
ignoring ormeasuring the arbitrary system allows one to enact an arbitrary quantum channel on a given
quantum system to generate any desired state [63] and strongly violates the assumptions ofHBAC. TheHBAC
can also be replaced by any other procedure that helps to serially cool a quantum system toward its ground state,
including othermeasurement-based protocols [16–30]. Third, HBACprotocols have recently been shown to
potentially benefit from the presence of environmental noise [12]. This significantly improves the viability of all
HBACprotocols, including the current proposal that augmentsHBACwith postselection. Fourth, if the control
is slightlymixed, which can be evaded by a judicious choice of physical system for the control, the probability of
creating n pure qubits remainsmuch higher than the corresponding probability usingHBAC alone for realistic
values of ε. Fifth, ICOhas recently been linked to improvements in refrigeration [61, 85, 86] and thermometry
[42]. Since purification is intimately linked to the amount of work that can be extracted from an ensemble of
qubits, our purification protocol strongly supports the impact ICOmay have on quantum thermodynamics.
Finally, these results are readily extendable tomultiqudit systemswhile still only requiring a two-level control
system and a single postselectionmeasurement. Taken together, we are confident that quantum switches and
postselectionwill continue to have a strong impact on quantum technologies includingHBAC and beyond.
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AppendixA. Calculating the transfermatrix

Beginwith a 2n-component vector p containing the probability distribution for the n systemqubits in the
computational basis.We have ignored the superscript t from themain text that keeps track of the number of
iterations of theHBACprotocol. Add a reset qubit to the systemwith densitymatrix given in equation (1). Since
the reset qubit is also diagonal in the computational basis, standard tensor product rules dictate that the n+ 1
qubits be represented by a densitymatrix with 2n+1 diagonal componentsλ. Aswell, since the overall state is
separable between the system and the reset qubit, wemust have that tracing out the system (reset qubit) yields the
reset qubit (system). These together imply a specific relationship between the components of p andλ for all 1� k
� 2n:
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Next, transform the system together with the reset qubit according to equations (6) and (7).We know that
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Measuring the control to be in |+ 〉 implies using the+ parts of the± symbol in equation (6) to enact

( ) ( ) ( )† †r r + + +U U U U P4 A4

for unitaryU=UBUA. The inteference terms lead tomost of the components canceling in
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It would not be possible to simply enactU+ because it ismanifestly nonunitary; this is the ability conferred by
controlled superpositions and postselection. Then, since the unitaries and the state are diagonal in the
computational basis, we directly evaluate
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The transfermatrix forλ→ S+λ can be read off as
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As for the evolution of the system itself, we trace over the reset qubit to observe the overall evolution
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This yields the transfermatrixT+ provided in themain text.
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