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STRESS CONCENTRATJ CHS AftOLW SHALLOW SPHERICAL' DEPRESSIONS
IN A FLAT PLATE

1.0 INTRODUCTION

A specimen of the type shown in Figure I has been

suggested as possibly being useful in certain crack-pxop&ga ti<m

studies, As can be seen from the figure the specimen Is a

flat plate which .is loaded in tension and in which a region

of stress concentration is produced hy cutting two shallow

spherical depressions symmetrically into each face of the

plate. A feature of such a specimen is that the point of

maximum stress is entirely sur rounded by a region of lower

stress. Since a crack initiated at the point of maximum

stress can therefore propagate only into a region of lower

stress it may be expected that the growth of the crack is a

stable process and that the growth can be controlled by alter-

ing the tension on the specimen. Moreover, the stress gradients

in the central region of the specimen can be altered, to a

.certain extent, by varying the depth of the depressions,

These are the reasons for interest in this type e.f specimen.

The present report supplies data on the stress,

•concentrations and stress gradients which exist In a virgin

specimen, the information being obtained from a mathematical

stress analysts based on the theory -of elasticity To make

the .problem tractable two main simplifying assumptions are

introduced. These are, first, that the width of the specimen

is sufficiently large compared with the diameter of the depres-

sion that the specimen may be treated as an infinite plate, and

second, that the plate is sufficiently thin that, it is in. a

state of plane stress. In addition, a »rdn.or approximation

relating to the form of the depression is introduced. . In the
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body of the report the method of analysis is outlined and graphs

of stresses and stress gradients are presented and discussed,

2.0 MATHEMATICAL FORMXJLATIOH Of PROBLEM

The coordinate system used is shown in Figure L

Standard notations are used for stresses, displacements » and

elastic moduli.»

In keeping with the assumption that the specimen is

in a state of plan* stress, it 1» assumed that the stresses

are uniform across the thickness of the plate* The equations

for equilibrium of an element of the plate in the radial and

circumferential directions then are (Ref* 2)

d#, rr
a-

lip. + <i - £ 4T) 0
3-A t or> rr °«e = 0

„ 31Jr© . 9{?99 r dt>, _ „r --T- ’ -gj- -r -V 4 * O r0 - v

For plane stress in pclar coordinates, Hooke’s law is exprèssod

by (Ref» 4)

■'°96

(2)CK'» ~ VOo9 rr

x-j Ou
E T-r

9u e
3r -

-e
c r9
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Thé assumptions that the displacements are uniform across the

thickness of the plate and that the stress normal to the plane

of the plate is negligible are implicit in (2),

The thickness of the plate in the region r S a

(rig»- 1) is determined by the specified spherical, shape of the

depressions * However f since -ths exact expression for the

thickness is cumbersome > it Is worth while to substitute an

approximate but simpler expression for the exact relation,

r‘i!e therefore assume that the thickness of the plate is given

by

t ~ < (3)

. t > r .2 ac

The expression (3) is a good approximation to the exact

spherical shape provided the diameter of the depressions is

greater than four or five times the thickness cf the plate*

As stated in the introduction it is assumed that

the specimen is sufficiently wide that it can be treated as

an infinite plate* Then the stress boundary conditions are

that at large distances from the depressions the stress field

should tend to a uniaxial tension of magnitude c in the■Q
direction 9 ~ 0* expressing this condition in polar coordinates

yields

c7.r ■* (0 2)(1 * cos 29)

O00 -* (oy2)(l - cos 20) (4)

- (o /2) sin 2-9
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.35 r *+ co. in addition the stress components 0 and and

the displacements u and Ug must be continuous at the edge of

the depression r ~ a»

Equations \l) t (2), and (3) with the boundary condi-

tions (4) constitute the ma thematical formulation of our stress

analysis problem» We pass over, for the moment, the somewhat

involved procedures needed to solve the equations and turn to

.a consideration of the results. Suffice it to say here that

the mathematical and computational work introduces no further

approximations.

3.0 RESULTS DISCUSSICH

The solution of the foregoing equations yields the

formulas

~ fjp)  * Mb) Cos 2d

- 9o(p) * g2 '
p C O S

°re-/C1o = h 2.W S i n  20

U)

where gQi 2» 2 sre functions of the non-dimensional

radial coordinate 3 E r/a , of the ratio q E t,/t which is a
x O

measure of the depth of the depressions, and of Poisson’s

ratio, These functions and their derivatives with respect

to p' are tabulated in Tables IV to XIII for the ranges

p ~ 0(0.1)2.0, q ~ 0(0.2)1.0, and the single value of

Poisson* s ratio v = 0.3. By use of the tables and formulas

(b) all stresses and stress gradients at any significant

point in the plate can be found.
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An overfall picture of the stress distribution is

given in Figures- 2 and 3 in which stresses are plotted for the

case Q = 0.2, Because of .symmetry the stresses. in only one

gradrant of the plate need be plotted. Although the stress

formulas- are simplest when polar cosnp-onents of stress are used,

as in (5), the stress -distribution is most easily understood

when stresses are expressed in rectangular Cartesian components»

Accordingly it is the Cartesian stress components yy* ' Xu

which are plotted in Figures 2 and 3» We note that the stress

■:■ predominates. The graph of o ... {Fig, 2) has a smooth hvjnp

centred over the depressions, while in the region outside the

tends gradually to its asymptotic value ,

, and d are comparatively small. In the
F *' .

less than 12 per-

14 percent of c ♦w

depressions c

The stresses c
xy ? _

case illustrated (o - 0.2), o ,xy
cent of a F while c is always

o î /

is always

less than

The effect of varying the depth of the depressions

is shown in Figures 4, 5, and €, in which the stresses along

the x- and y-axes are plotted for a range of values of q.

(h-ecall a = As could be expected the peak s tress

increases as o decreases, and -moreover the peak stress oecomes

infinite as q tends to zero. Figure 0 again shows that the

stress -0 is comparatively small. In Figure 5 ir is interest-

ing to note that, the stress on the x-axis falls to a value

less than 0. at. p - 1. As p increases beyond 1 this stress

gradually rises to

An indication of the nature of the stress gradients

is given by Figures 7 and 8. Here the radial gradients of

the predominant stress c xx along the x- and y*axes are plotted»

Note that the stress gradients axe discontinuous at the edge

of the depressions; indeed the gradient ûo r /ôr along the

x-axis even, changes sign there (Fig. 8). A curious feature
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of Figure B Is that the curve fox q = Ô appears to pass

through the peaks of the curves for other values of q. As

far as the author is aware, this is pure coincidence»

By superposition of the results (5) for uniaxial
tension at infinity the stress field due to equal biaxial
tensions at infinity can be obtained. In this case the

stress field is axi symmetric and the stresses are given by

*r/% = 2 U p5

«r(a/c„ = 2g (p) (6)

% o  = o

These quantities are plotted in Figures 9 and 10, and their

radial gradients are plotted in Figures 11 and 12, The curves

are quite .similar to the curves of Figures 4, 5, 7, and 3,

respectively. Despite this similarity the stress distributions

are quite different in the two cases of uniaxial tension and

biaxial tension at infinity, as a comparison of (b) and (6)

shows. Stresses due to other combinations of loads at

infinity can of course be obtained by suitable superpositions »

Finally,/#© emphasize that the results in this

report apply only to an uneracxed specimen.

4,0 EFFECT..OF SIMPUFYI13G;..AS L?4PT1O

To make the problem tractable three simplifying

assumptions were introduced: (i) the plate is infinitely

large, (ii) the plate is in a state of plane stress, (iii)

the thickness in the region of the depressions is given by
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t - t, *• ( - *7 )( t/3}£'

We will now try to estimate the errors which these assumptions

1 nt reduce

4 ,1 Effect of Finite .Width

Consider a plate of finite width w containing

depressions (Fig- 13a). Let us

pl a te

write the stresses in the

in the form
n

■c
X X.xxo

xx

2

"‘yy
y

XV

y y
■7
yy

..* ~
"xy

T :

3 -1
xx yy xy

solution while

stresses given by the infinite
2
, ., d\ are the corrections for
yy Ay .0 9.

cz , d
yy xy

where are the
...<2
T x  5 c yy’ “xy ,7

the effect of finite width. The stresses d4

x.
must satisfy the usual conditions of equilibrium and

compatibility and must be such

plate free of traction. Hence

as to make the edges of the

on the edges ABC, DEF, (Fig

13) wç have

Uh> xy
2
'xy"yy

0-
yy

2 2 2
. , a Decreasexx* yy* xy

plate.» The task of finding

solving for the stresses in

Moreover o to zero in remote regions of the
sr\ r'

vy* °xy e r e f o r eXX
a plate loaded as shown

amounts to

in

o o p
for c ’ , o wouldxx* yy xyAn exact' solution

difficult, and the best we can do is make some rather crude

be extremely
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the i r  magn i tude .  The magni tude  of cf" , <?%,
d i r ec t l y  r e l a t ed  to the magni tude  of the- boundary

es t ima te s  of
.is of course

o g
va lues  of cC; , a on. the edges ABC, DEF, and the l a t t e r

f f •* /

dec rease  as q i nc rea se s  and as the r a t i o  w/2a i nc rea se s - .  In
the ca l cu l a t i ons  which fo l low we take q - 0 .2  a s suming  tha t
th i s  i s  p robab ly  the lowest  va lue  of a r ea sonab ly  ob ta inab le  in
prac t i -ce .

2 g
In e s t ima t ing  a~ , a ,* x x y y

o
i t  i s  conven ien t  toxy

sp l i t  the l oad ing  of F igu re  13b into,  two pa r t s ,  namely ,  ( i )
the normal t r ac t i ons  and ( f l )  the shear  t r ac t i ons , ,  and to
cons ide r  s epa ra t e ly  the e f f ec t  of each pa r t .  Cons ider  f i r s t
the p l a t e  loaded  only by normal t r ac t i ons  - cÇy on the edges.-
ABC, DBF. Xt $«• ■ > r ea sonab le  to assume tha t  t h i s  loading
causes  ch i e f ly  ~ s t r e s s  ofy, whi le  the s t r e s se s  c; . ,. c* are
compara t i ve ly  sma l l , *  The l a rges t  co r rec t ion  no doubt
occurs  s t  the centre the de.pr#4?$l . I f  t?sëT>
dêp ïê s s iôBê  in th& p i s t é  wo might s ioe  that tha boundary
t r ac t i ons  are  t r ansmi t t ed  through the p l a t e  wi thout
subs t an t i a l  change ,  so t ha t  the s t r e s s  at  G is  the same
as a t  the points-  B and E, .. To a l low for the s t r e s s  concen t r a t -
ing e f f ec t  .of the dep re s s ions  v«’p in t roduce-  a f ac to r  of 2 .5 ,
which i s  the s t r e s s  concen t r a t i on  f ac to r  for the i n f in i t e
p l a t e  when o - 0 .2 .  Thus the e s t ima ted  Xarues t  va lue  of

2 'o i s  2 .5  t imes  the va lue  of c at. the oo in t s  3 -or 3»

Now cons ide r  the p l a t e  of Figure 13b loaded  only
by shea r  t r ac t i ons .  Under t h i s  loading- -a r e su l t an t  fo rc -
is  t r ansmi t t ed  ac ros s  t r ansve r se  sect ions,  of the p l a t e  and
ac ros s  s ec t i on  BE in pa r t i cu l a r .  I t  seems r ea sonab le  to

* Compare the d i s cus s ion  of s t r e s se s  in a long beam- under a.
s imi l a r  l oad ing  in Re fe rence  5 .
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suppose that this loading res-vits chiefly in stresses cC.
o 2 '" 'A

and c'\, while c Is comparatively small. The LargestXy /y
correction cÇx probably occurs at the centre of the depression*

To estimate its magnitude we calculate the force P transmitted

across section BE r The average stress on BE then is

ignoring the presence of the depressions. To allow for the

stress concentrating effect of the depressions we agoin

apply s. factor of 2,5 and thus arrive at 2,5 P/wt as on

estimate of the largest value of the correction c;Z . AsXX
for c~' , w« assume it is never laroer than the maximum value

px f
of o , on the edges ABC, BEE,Z'y

Huoo:ice ’: values of the estimated largest corrections

for the effect of finite width are presented in Table I Below.,

As stated before the figures Apply to the case g ~ 0*2. For

larger valves of q smaller corroc r.:one can re expected. Thé

last line of the taele gives the estimated correction to

as a percentage of the largest value of c;xx «

TABLE 1

EST IMTEp ÇQRHECT101CS , FOB,. FINITE ,, MI QB-r

!..............*....... .......... ..... ............ rrrfv**- -F- vr' 7 . ....... ]
w/2a 2 ? 5 s 10 I

............ _ ..................................... ............. ..................... f. , ------ . ' , . n tr

Correction to o, /G 0 .090 0.035 0 .013  . 0*003  1XX c
:.

Correction to ovïr/o 0 .150 C..07® 0,033
1

cCCCB ■
i

Correction to o . /c- 0.C21 •0-..G12 0 .005 0*001  jxy o
; !

Relative error in c< , %X X 3 .6
■

1.*’i4

Ô

0 . 1  i

_ _ _ J ___________ *
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We conclude that the error in ■--. „ as by theXz
infinite plate solution is probably not more than 3 or 4

percent if the width of toe plate is twice the diameter of

the depressions, and is probably not more than 1 ox 2 percent

if the width is three times the diameter. Somewhat. larger

errors may occui in the relatively s all stresses -t* and d ,*.x y y ?

4 * * Assumption of Pl ane Stress

The assumption of plane stress conditions involves,

in fact, two assumptions ; first, that the major stresses and
displacements are uniform across the thickness of the plate.,

and second-, that the stress normal to the plane of the plate

it negligible ♦ In ordet to see what errors these assumptions

c .n cause, we examine two particular plates for which exact

: c,lotions are available, and k.ws for which the errors cf an

approximate plane stress solution can be deduced-. The plates

examined are a wedge- snaped semi.-infinite plate gnd an infinite

plate whose surfaces ar* two shallow hyperbolic cylinders,- both

plates being loaded in uniaxial tension. Figure 14 shows

portions of these plates to-gexhex with a comparison section ox

a piété with depressions» -'The plate of Figure 14(a) will fee

referred to as -plate A and cha plate of Figure 14(b) as. -plate

B, In order for conditions in these plates to be comparable

with .conditions in* a plate with spherical depress ions we make

the semi-angle o cf plate A equal to the slope c-f the

surface of the depression, and we make- the minimum radius, of

curvature p of the surface of plate B equal to the spherical

■radius of the depressions» (Sea Fig* 14), This fixes the

values of o and p as

c - (1 - o,)(t /a;-, p -- R a2/{l - q)t (10)
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Then It is not unreasonable to suppose that conditions in plate

A are somewhat representative of conditions near the edge- of

the depressions F while conditions in plate B are somewhat

representative of conditions near the centre of the depressions.

The exact solutions for plates A and E are given, in

References 2 and 6, while the approximate plane stress solutions

are easily found since they are» in effect, statically deter-

minate. The essential results of a comparison of the exact

end approximate solutions are as follows.. The plane stress

theory correctly predicts the average stress across the thick-

ness. of the plate even though the stresses are not uniform

across the thickness. The greatest discrepancy between exact

and approximate solutions occurs at ths faces of the plate.

For plate A the stress ü at the faces of the plate Is less

than that predicted by plane stress theory, the .relative error

being approxima tely

(4/3)(X - q)2(t /a)2 ( I I )

when a is given by (10). The opposite situation occurs in

plate B, for at the section of minimum thickness the stress

0 * e faces of the plate is larger than that predicted
by plane stress theory. Here the relative error is

approximately

U/3)q(l - q)(to/a)
2 (12)

The size of these errors is tabulated in Tables XX and III
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below.

TABLE II

RELATIVE ERROR IM PLAIE STRESS SOLUTION FOR PLATE A

a/t 0 2 3 5
1
|
j

Error, %; q - 0,5

Error, %; q ■■■ 0.2

!
 
c
oo
c
 
e
u

■ "

3.7

9.5

1.3

3.4

1
0.3 J

0.9

__ ___1

TABLE. Ill

RELATIVE ERROR IN PLANE STRESS SOLUTION. FOR PLATE.B

a/t
0

.........

2

.. ..... "..

3 5 10 I
. 1

Error, q = 0.5

Error, %; q -- 0,2

2 a

1.3

0.9

0 *6

-
-
-
 

—

<
N

*
 

*
O
 

O

o
 

o

It should also te mentioned that a more rigorous

theory which is free of the assumptions of plane stress is

available for plates of constant thickness (Ref. 7). This

theory can be applied to the region of the plate outside the

depressions and corrections to the plane stress solution in

that reqion can be obtained. Once again the correction is

proportional to \t /a) . When q is larger than 0.2 the

correction is not more than 1.2 percent of if s > 2t Q , and
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Is not more than 0.5 percent of if a 2 3t o *

In summary, it appears that the error introduced by

the assumption of plane stress is proportional to (t /a)'". On

the basis of the results for plate B we- estimate that the error

in the stress at the centre of the plate is probably not more

than 2 or 3 percent if a > and is probably not more than

1 or 2 percent if a > 3t . The .results for plate A indicate

that larger errors may occur in the less critical region of

the edge of the depression.

4.3 Approximate Expression for Thickness

For an exactly spherical depression of outer radius

a and such that the thickness of the plate at the centre is

t, , the correct expression for the thickness is

t = t ,  + 2R - 2 fR 2 - A (13;

where the spherical radius R is given by

R = a2 /(t„ - t,} ’ ( V  - t,)/4
V X V X

The maximum difference d between (13) and the approximate

expression (7) is

d - t (1 - q) 3(t_/4a  )z’
o ' u (15)

Hence, when q - 1/2, d is less than 1 percent of t.Q if a >

and when □ ~ 0, d is less than 1 percent of t if a > St z2*
o o

It appears that (7) is an adequate approximation to the shape

of the depressions provided the diameter of the depressions

is greater than, say, four or five times the thickness, of the

plate.
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5*0  MATHEMATICAL DETAILS

5 .1

2 areequa t ions  ob ta ined in s ec t i onThe govern ing

3c r0rr
ar

£
drt

4* : 1 4* b.d.r

ao re
ôr

30 dt'WWW

dr
r
t

0O Arcr
&e

6u r

ar
(16)V0CJrr

bu r
rtinwfinw

ae

ÔUu 0 + V ) o'E
Srrr

9u e
se

ÏI")
rE VCO',

where t i s  g iven  by
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t i

't,
r £ ah L

r è a%
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The boundary conditions are

3 rr ( % / 2 X l  + cos 20)

’* (1 “ COS 2Ô) (18)

<5r0 -* - (v /2) sin 29

as r •'♦co, Further, the stresses and and the dis-

placements u T. and U0 must be continuous at r - a,

We can find solutions of (16) by supposing that all

unknown quantities are of the form f(r) cos raO ox f(r) sin mS

where m is an integer. Accordingly let

c80 * % W x) cos mS

c - o S rt(r) sin m9rb Q ru J

ur ~ (b r/E) w Jr) cos m6

UQ = (o r/E) wg(r) sin mO

(19)

where appropriate factors have been introduced to make the

quantities S , w f etc., non-dimensional. Note that u and

UQ have been non-dimensionalized in terms of the variable

radius r instead of the fixed radius a» This simplifies

subsequent equations. Define the non-dimensional radius p

by p = r/a , and put q - t /t . By substituting (17) and (19)

into (16) the non-dimensional governing equations for S , w .



Page - 16
LR-340

etc»» are found to be

P dS
r2 / d P " ~ U * F(p) )  S r r Sg£ - fTiSr 0

pdS g/dp = - (2 + F (p ) )  S r 0 + mSQ0

pdvç/dp = S r r - v$0£ - w y (20)

pdwg/dp ~ 2(1 + + mw

s ee * w e * wr * vS r r

where

r (p ) = -T ~rt or

In the r eg ion  p > 1 where the t h i cknes s  of the p l a t e  i s
cons t an t ,

F(p) = 0 (21)

whi le  in the r eg ion  p 1 where the t h i cknes s  of the p l a t e
va r i e s

F(p) = _2Q_r_aL£l_ (22)
q + (1 - q)p 2

Expres s ions  (18) show tha t  only the ca se s  m - 0
and m - 2 need be cons ide red  in o rde r  to s a t i s fy  boundary
cond i t i ons  a t  i n f in i t y .  For m ~ 0 the boundary cond i t i ons
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at infinity are, from (18) and (10)

S rr * 1/2 ■ S O0 ’• 1/2,
S rf, '* 0 (23)

while for m 2 they are

S rr "+ 1 / 2 ’ 300 "" - 1 /2 , S r9 *
* _ 1/2 ■ 24}

The superposi tion of the solutions for m -; 0 and si ■= 2 then.

satisfies (18) as well as the governing equations ( 16) and

thus constitutes the solution to our problem.

In view of the different form of F(p) in the two

regions p < 1 and p > 1 (cf# (21) and (22)) the two regions

must be considered separately. The procedure is to obtain

solutions of equations (20) for each of the two regions and

then adjust the constants of integration so that the two

solutions match at p - 1*

Consider first the region p > 1. Here equations

(20) are the governing equations for a plate of uniform

thickness, the general solutions of which are known (Ref. 8).

When specialized so as to satisfy the boundary conditions

(23) or (24) the solutions of (20) are:

for m = 0, Sr r = 1/2 + K/p 2

S$ e = 1/2 - K /p2

, (25
wr = (1 - v)/2 - (1 * v)Ko/p

z

w6 = S r9 ~ 0
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and for  m - 2,

S rr  = 1 /2 * 2K 1/P 2 ' 3K yp 4

s 66 = ' 1 /2  + 3K 2/P 4

S r9 = - 1/2 - Kj/p 2 - 3 /p 4 (26)

w r = (1 + v ) /2  + 2K,/p  2 + (1 + v)K2 /p 4

w6 = - (1 + v ) /2  - (1 - v jKj /p  2 + (1 + v)K2 /p 4

where K , Kj , 2» are cons t an t s  of i n t eg ra t i on ,

Cons ide r  next the r eg ion  p < 1 where F(p) is  g iven
by (22 ) .  The so lu t i on  of (20) for t h i s  r eg ion  is  more d i f f i cu l t
than for  the r eg ion  p > 1,  By use of the l a s t  equa t ion  of
(20) $00 can be e l imina t ed  from the f i r s t  four  equa t ions  of
(20 ) ,  thus y i e ld ing  the se t  of fou r  o rd ina ry  l i nea r
d i f f e r en t i a l  equa t ions

pdS r/°' p “ £“i+ v ~ ? (p) )S r r - mSr8 + w r + mwQ

pdS /dp - vmS r r * ( -2 -F (p ) )Sr 0 + mwr + m wg
9 (27)

pdvç/dp = w ( l  - v )S pr - (1 + v)w r “ vmwg

pdwg/dp = 2(1 + v ) s r 0 + mw
r

or ,  in ma t r ix  form

pdS/dp = (Am -BF(p ) )S (28)
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where

m

2vm

In equa t ions  (28) the pa rame te r  q appea r s ,  t h rough  the
func t ion  F (p ) ,  only in the combina t ion  ( l *q )p  /q .  I t  i s
t he re fo re  pos s ib l e  to e l imina t e  q from the equa t ions  by
in t roduc ing  a new independen t  va r i ab l e  y where

y = p V((l  - q ) /q ) (30)

With t h i s  subs t i t u t i on  (28) becomes

ydS/dy = (Am - 2By 2 / ( l  + y2 ))S (31)

The f ac t  t ha t  y appea r s  on the r i gh t -hand  s ide  of (31) only in
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2 2the  combina t ion  y / (1  + y ) sugges t s  a further change of
independen t  va r i ab l e ,

X = y
2 / ( l  + y 2 ) (32)

This f i na l  change of va r i ab l e  r educes  equa t ion  (28) to

2x( l  - x )dS /dx  - (Am - 2Bx)S {33}

From (30) and (32) the connec t ion  be tween x and p i s

x = .... a . . - .  q)p2 , p = (34)
q + (1 - q)p 2 - t i - <

The so lu t i on  of (33) can be ob t a ined  in s e r i e s  form
by F roben ius ’ s  method (Ref .  1)» We assume a so lu t i on  of the
form

S - x (S + xS| +* + * ♦••) (35)

and determine X, S j ,  e t c# ,  so tha t  (33) i s  s a t i s f i ed*  By
subs t i t u t i ng  (35) in to  (33) and equa t ing  coe f f i c i en t s  of l i ke
powers of x we ob t a in

2bS = AS  (36)o m o

2(X+k)S  k - 2 (X+k- l )S  k _ 1 = AmS k - 2BS k _ r k = 1,  2, 3,  . . .

(37)



Equation (36) shows that X must be an eigenvalue of A /2 ano

the corresponding eigenvector* The eigenvalues of A /2

are readily found tc be

X, ~ (m/2) - I X- = m/2

(38)

X~ - - m/2 X* = - (m/2) - 1J

Let us- restrict attention now to the case m = 2,

From (38) the eigenvalues of Ao/2 are. X-, ~ 0, >>£ ~ ~

X <4 - -2-. The eigenvalues X~ and X , being negative, lead to

solutions which give non*zero displacements at x - 0 and are

therefore inadmissible* The remaining eigenvalues X> and X£

lead to acceptable series solutions of (33) which we denote

respectively by

P(x) = P + xPj + x2P2 + x3 P3 * ...

(39)

Q(x) - xQ, + x Qj + x 3 +

where PQ must be the eigenvector of A /2 corresponding to X }

and Q- the eigenvector corresponding to X * It is readily

found that

By comparing (39; with (35) and recalling = 0, X “ "bhe
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recurrence relations for the two solutions. P(x) t Q(x), may be

obtained from (37), Thus

2kP~ - 2{.k~l)P,z . A.PZ « 2BP f, -,A A*X Z A

2kQ K * 2(k-l)QK-4 = * 2S< 1

( 41 )

the same recurrence relation

From (41) it follows

The fact that P& and Q < satisfy

simplifies the numerical work.

?.. - (2kl - A,)" 1 (2(k-l)I - 2B)P V ,

(42)

(2kl - Aj)"1 (2(k-l}i - 23)0.Q K

provided the matrix (2kT * A ) is non*singular* This is true

when k > 2 but not when k ~ 1. The equation connecting P and

P Q therefore requires special examination. For k -■ I the first

equation of (41) is

(43)(21 ~ A2 )P 1 = - 2BP O

where the determinant of (21 - An) vanishes. However BP.K isz o
such that the set of equations (43) is consistent and it may be

solved to give

( 44 )
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where C is  an a rb i t r a ry  cons t an t*  The r e su l t  (44} should not
be su rp r i s ing  in view of the form (33) of the so lu t ion .  P(x)
and Q(x) .  There is  no loss  of gene ra l i t y  in s e t t i ng  C ~ 0 ,

We now have exp re s s ions  for ? 5 arv* Q\ < P.-5 and
Q-, may be computed in terms of P t and Q t us ing  (&2l and in
turn P v Q~ t > Q4 f e t c» ,  may he computed* This e s t ab l i shes
the two so lu t i ons  ?(x. ) and 0(x)  of equa t ion  (33) for the
case m - 2. The comple t e  so lu t i on  o-f (33} for the case  m •■•■ 2
th *’..•■< 1$

S(x) C t Fu<) > C,....Q(x;- (45)

v>here C-, and C.- are cons t an t s .

For the c se m ~ 2 the quan t f t f ee  2 , , e t c**  -ore
given by (26) in the r eg ion  p > i and by (45/ in the r eg ion
p £ 1.  H r ema ins  only to de te rmine  the cons t an t s  C.,: >■ , K< ,
K~ vrhlch appear  in these  express ions  ♦ "Tow the exp re s s  i ans
(2b) and (4b) must match at  p ~ 1 Spec i f l e a  .M y th** r equ i r e - -
ments are tha t  the va lues  of S r r1 3 ;.,-, wa at  P ~ 1 given
by (26) must be r e spec t ive ly  equal to  the values,  -ot S. .r , 3_«. ,
Vih» ?,h a * x " (o f .  (34) )  g iven  by (.45)* With the no t a t i on



Pane - 24
LR-340

these matching requirements lead to the set of equations

the derivation of the solution for the case m ~ 2*

The derivation of the solution for the case m - 0 is

similar. However, certain simplifications appear since this

case represents axi symmetric distributions of stress* In

particular S r. 2 0 and w~ = -0. From {36} the eigenvalues of

An/2 are X, = X; - -1 and X.c, ~ X - C, As before the negative

eigenvalues lead to inadmissible solutions, Corresponding

to rhe double eigenvalue X ~ ~ £ there are two linearly

independent eigenvectors which lead to two linearly independent

solutions of {28), One of these is a trivial rigid-body

rotation which can be dropped without loss. The remaining

solution* derived Jn the same way as P(x) and Q(x), is

R(x) - H ■*• xR* +

G — Z. (48)

wh ere

0



Page - 25
LR-34 r

and

R = (2kl - A )" 1 (2 (k - l ) l  - 20)Rj, , ,  k = 1, 2, 3 , . . .  (50)
!x 0 r\“X

The complete so lu t i on  of (28) for the case m = 0 then is

S(x) = Co R(x) (51)

where C is a cons t an t .

For the casé m ~ 0 the quant i t i es  S , w , e t c . ,  are
given by (bl) in the region p $ 1 and by (26) in the region
p 2 I .  As in the case m = 2, the cons t an t s  in these express ions
must be determined so that  the express ions  match at  p = 1, Note
here that  and au toma t i ca l l y  match since both are
iden t i ca l l y  zero.  The requirements  tha t  and w . match at
P = 1 yield the set  of equat ions  for C and &0

where the no ta t ion

has been in t roduced . This completes the der iva t ion  of the
so lu t i on  for the case m = 0.
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The ques t i on  of conve rgence  of the s e r i e s  (39) and
(48) i s  e a s i l y  s e t t l ed .  The r ad ius  of convergence  of a power
se r i e s  ex t ends  to the nea re s t  s i ngu la r i t y ,  and the s i ngu la r
po in t s  in the complex p lane  of equat ions  (28) are x = 0,
x = 1, and x = co. Hence the s e r i e s  (39) and (48) conve rge
un i fo rmly  and, abso lu t e ly  for  i x ! < 1* In view of (34) t h i s
means t ha t  the s e r i e s  conve rge  for a l l  va lues  of p and q in
the r anges  of i n t e r e s t ,  0 £ P £ 1 and 0 < q £ 1 .  The
in t roduc t ion  of x as the independent  va r i ab l e  ins t ead  of y
has an impor tan t  advan tage  with r ega rd  to convergence .  If
the equa t ions  (31) were so lved  by F roben iuses  method the
r e su l t i ng  power s e r i e s  in y would converge  for  jy| < 1 s ince
the s i ngu la r  po in t s  of equa t ions  (31) are y = 0, y = ±i and
y ~ o°. From (30 ) ,  y < 1 at  a l l  po in t s  in the range 0£  p £ 1
only if q > 1 /2 .  Hence the s e r i e s  in y would conve rge  only
for a l im i t ed  range of the pa ramete r  q. The change of
independen t  va r i ab l e  from y to x s i gn i f i can t ly  widens  the
range  of q for  which the ana lys i s  i s  va l i d .

As s t a t ed  be fo re ,  the supe rpos i t i on  of the so lu t i ons
for m = 0 and m ~ 2 fu rn i shes  the r equ i r ed  so lu t i on  of our
s t r e s s  ana lys i s  p rob lem.  The f i na l  formulas  for the s t r e s se s
can be put in the form

= f (p) + f 9 (p) cos 28Ij. (J O 4L

ee o = * 92 cos 20

a r(/°o ~ h 2 (p) s in  29

* With r ega rd  to the  speed of conve rgence ,  a s tudy of the
recur rence  r e l a t i ons  r evea l s  tha t  P& and are  of o rde r
k~0 .296  wi- | e R i s  o f ord e r ’x .408  f or l a rge  k.

IS.
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where f Q , g Q> 92» 2 a re 9 ven by the fo l lowing  exp re s s ions»
In the r eg ion  p > I ,

f 0 = 1/2 + KQ/p 2 f 2 = 1/2 - 2:<x /p  2 - 3: .yp 4

g o = 1/2 - K /p  2 g 2 = -1 /2  * 3.<,/p4 (55)

h 2 = -1 /2  - Kj/p 2 - 3;<2/p4

while  in the r eg ion  p £ 1,

f j 3 (x) ~ £ jP | (x )  ■r C q x}

9 o = C o (v r l (x )  + r 3 (x )>  9 2 = C l (vp l + p3 + 2p 4 5
(56)

where

( l -q )p  2

q + ( l -q )p  2
x

5 .2  Spec i a l  Case q = 0

The case q - 0 r equ i res  spec i a l  cons ide ra t ion  s ince
the subs t i t u t i on  (30) i s  no longer  admis s ib l e .  Although the
s i t ua t i on  q = 0 i s  imposs ib l e  to ach ieve  in p r ac t i ce ,  i t  i s
u se fu l  to have da ta  for  t h i s  case as i t  r epresen ts  a l im i t i ng
va lue  of q.
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When q - 0 the analysis as far as equation (2?) is

unchanged but the work dealing with the solution of equation

(28) must be revised. When q ~ 0, F(p) - 2, and equation (28)

becomes

pdS/dp = D S (57)
HI

where

/-3+v -m 1 m \

A 2vm *4 m m

D = 9 H (58)
1-v 0 -1-v -vm

y 0 2(1+ v ) m 0 /

The solution of equations equivalent to (57) is given, among

other results, in Reference 2, We present here a slightly

different method of solution which is more in line with the

analysis of the previous section.

Equation (57) is an Euler equation which has solutions

of the form S = Xp*1 where X is a constant vector. Substitution

into (57) yields

(59)(Dm - pl)X = 0

Hence p must be an eigenvalue of and X the corresponding

eigenvector. Normally, four linearly independent solutions

of (57) can be obtained in this way. In the case m = 2, two

of the four solutions must be rejected on the grounds that

they yield non-zero displacements at p - 0, and the remaining
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two solutions may be combined linearly to form the complete

solution

Pis = c1x1p 1 + c2x2p (60)

2
i

In the case m = 0, two solutions must be rejected as before

and one of the remaining two solutions is a trivial rigid-body

rotation which can also be discarded* The remaining solution

is
p.

S = CoXop 
0 (62)

= -2 + V2(l-v)where
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Xo

a nd

(63)

Expres s ions  (60) and (62) are the appropr ia te
solutions of (28) when q = 0» As such they r ep l ace  exp re s s ions
(45) and (51) r e spec t ive ly .  With t he se  r ep l acemen t s  the
rema in ing  s t eps  in the de r iva t i on  of the so lu t i on  when q = 0
are the same as in the p r ev ious  s ec t i on .

More de t a i l s  of the de r iva t i on  of (60) and (62) ,  in
pa r t i cu l a r  the procedure  for  ob ta in ing  the e igenva lues  of
can be found in Re fe rence  2.

5 .3  Numer ica l  Work

I t  w i l l  be app rec i a t ed  tha t  the computa t ional  work
is  f a i r l y  l eng thy ,  a l t hough  not so lengthy as to  be beyond
the range of a desk ca l cu l a to r .  Except  for  the ca l cu l a t i on
of Ppz, Q , Rp,, which was car r ied  out on the St ructures
Labora to ry ’ s  Fe r r an t i  e l ec t ron i c  computer  u s ing  a program
prepa red  by Miss Helen Tu l loch ,  a l l  computa t ions  were done
on a desk computer’.

The procedure  for computing f 0 (p ) ,  ! £ ( ? )»  e t c .
shou ld  be apparen t  from the ana lys i s  of the p reced ing  s ec t i ons .
The procedure  for computing the de r iva t ives  of t he se  func t ions ,
however ,  r equ i res  some men t ion .  For computing the der iva t ives
va lues  of dP/dp,  dQ/dp,  dR/dp are needed ,  which may be ob t a ined
in one of the fo l lowing  ways. Cons ide r ,  for example ,  dP/dp.
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In view of (34 ),

dP = 2q(l-q)p dP { 6 4 )

dP (q + (l-q)p2 )2 d X

and from (39)

dP/dx = P. + 2xP2 + 3x2 P3 + 4x3 P4 * ... (65)

Thus dp/dp may be obtained by summing the series (65) and

using (64). Alternatively, since P satisfies (28), dP/dp may

be obtained from the formula

dP/dp = (A£ - BF(p))P/p. (66)

The latter method of calculation was used since it requires

less work and since the convergence of (65) is poor when x is

large, The fact that the right-hand side of (66) degenerates

to the form 0/0 as p tends to zero causes no difficulty. In

a few cases derivatives were calculated by both methods as a

check *

At least five places of decimals ware retained in

the calculation of P , R , and at least four places of

decimals in the other steps of the computations. Twenty

terms were retained in the power series summations and the

remainder after twenty terms was estimated by approximating

the remainder by a geometric series. In the worst case of

convergence the error involved in this procedure is less than
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0 .03  pe rcen t .  As a check on the numer ica l  work s eve ra l
compu ta t i ons ,  i nc lud ing  the compu ta t ion  of P , R.z , were
performed tw ice .  A fur ther  check was provided by ca l cu l a t i ng
some de r iva t i ve s  in two ways, as a l r eady  men t ioned .  As a
f i na l  check ,  a f i n i t e -d i f f e r ence  formula was app l i ed  to a
sampl ing  of the t abu l a t ed  va lues  of f , £2» e t c . ,  to  ob ta in
the de r iva t i ve s  of t he se  func t ions  which were then compared
with the t abu la ted  va lues  of the de r iva t i ve s .  The f i na l
r e su l t s  quo ted  in the t ab l e s  shou ld  be accu ra t e  to the number
of f i gu re s  g iven .

Al though  equa t ions  (42) and (50) may be used as they
s t and ,  a more conven ien t  fo rmula  fo r  computing P , Q , R , can
be ob t a ined .  Cons ide r ,  for  example ,  the equa t ion  for  P ,

(2kl  - A P*, = (2 (k - l ) l  - 2B)P (<_ 1

(67)
= (2kl  - + (*2 ' 21 ' 2B ) P K-1

Let M be the ma t r ix  of e igenvec tors  of A, and A the d i agona l_ -I xl.
ma t r ix  of e igenva lues  of A£ so tha t  M~ = A. From (67) we
ob ta in

M-1 (2kI - A2 )MM'1 P|< = - A2 )MM-1 PK _ i

‘ M ' 1(A 2 - 21 - 2B > P K-1 (68)

or (2kl  - A)M-1 PK = (2kl  - A)M-1 PK _1 + M*i (A2 - 21 - 2B)P K ,
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Now (2kl - A) is a diagonal matrix and is easily invertible.

Solving (63) for P gives

P K = pK-i * M <2 k I ' A)"1M'1(A2 - 21 - 26)

or, with a change in notation

(69)PK “ PK-1 +KN K-1LP K-1

where NR , = 2(2kl - A) -1 and L E M-i (A2 - 21 - 23)/2. The

evaluation of M, A, M,, and L, is straightforward and we find

1/2 1
M
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Formula (69) i s  wel l  su i t ed  to computa t ion*  I t  has the
advan tage  of r equ i r i ng  no ma t r ix  i nve r s ion ,  and in add i t i on
the ma t r i ce s  M and L are cons t an t  whi le  va r i e s  with k only
in a very s imple  way * Formula (69) a l so  app l i e s  to and a
s imi l a r  formula can be de r ived  for R ,
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TABLE IV

VALUES Or f v = 0 .3o

q

P \ v

1 .0 o.e 0 .6 0 .4 0 .2 0

0 0 .500 0 .576 0 .687 0 .367 1 .250 eo

0 .1 0 .500 0 .575 0 .683 0 .857 1 .210 2 .060
0 .2 0 .500 0 .572 0 .672 0 .827 1 .107 1 .170
0 .3 0 .500 0 .566 0 .655 0 .782 0 . 975 0 .840
0 .4 0 .500 0 .558 0 .632 0 .728 0 .842 0 ,664

0 .5 0 .500 0 .548 0 .606 0 .671 0 .725 0 ,554

0 .6 0 .500 0 .537 0 .577 0 .614 0 .627 0 .477
0 .7 0 .500 0 .524 0 .547 0 .560 0 .547 0 ,420
0 .8 0 .500 0 .511 0 .516 0 .511 0 .482 0 .377
0 .9 0 .500 0 .496 0 .486 0 .467 0 .429 0 .342
1 .0 0 .500 0 .481 0 .457 0 .427 0 .386 0 .314
1 .1 0 ,500 0 .484 0 .465 0 .440 0 .406 0 ,347
1 .2 0 .500 0 .487 0 .470 0 .450 0 .421 0 .371
1 .3 0 .500 0 .489 0 .475 0 .457 0 .433 0 .390
1 .4 0 .500 0 .490 0 .478 0 .463 0 .442 0 .405
1 .5 0 .500 0 .492 0 .481 0 ,468 0 .449 0 .418
1 .6 0 .500 0 .493 0 .483 0 .472 0 .456 0 .428
1 .7 0 .500 0 .494 0 .485 0 .475 0 .461 0 .436
1 .8 0 .500 0 .494 0 .487 0 .478 0 .465 0 .443  |
1 .9 0 .500 0 .495 0 .488 0 .480 0 .468 0 .449  1
2 .0 0 ,500

■i
0 . 495 0 .489 0 .482 0 .472 0 .454  '
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TABLE V

VALUES OF g v - 0 .3o

X. q

P
1.0 0.8 0.6 0,4 0.2 G

0 0 .500 0.576 0 .687 0.867 1 -250 CO
0 .1 0.500 0.576 0,685 0 .861 1 .227 4 . 498
0 .2 0.500 0.574 0.679 0.844 1.165 2.554
0.3 0 .500 0.570 0 .668 0.817 1 .083 1 .834
0.4 0 .500 0 .566 0.655 0.784 0 ,995 1 ,450
0.5 0 .500 0.560 0 .639 0 .748 0 ,910 1 .203
0.6 0 .500 0.553 0 .621 0.710 0 .834 1 ,041
0 .7 0.500 0.546 0.602 0 ,673 0 .767 0 .918
0.8 0 .500 0 .538 0-582 0.637 0-709 G. 823
0.9 0 .500 0 .529 0.562 0-604 0.658 0-743
1.0 0 .500 0 .519 0 .543 0.573 0 .614 0 .686
1 .1 0 .500 0 .516 0-535 0 .560 0 .594 0 .654
1.2 0.500 0.513 0 .530 G.551 0 .579 0 .629
1.3 0 .500 0 .511 0.525 □ -543 0 .567 o ch 1- * o

1 .4 0 .500 *0 .510 0*522 0.537 0.558 0 .595
1.5 0 .500 0.509 0 .519 0 .532 0 .551 0 .583
1 .6 0 .500 0.508 0 .517 0.528 0 .545 0 .573
1 .7 0 .500 0 .506 0.515 0.525 0 .539 0.564
1.8 0 .500 0.506 0 .513 0.522 0 .535 0 .557
1 .9 0 .500 0,505 0 .512 0 .520 0 .532 0*551
2.0 0 .500 0.505 O.5U 0 .518 0 .529 0 ,546



Tab le  VI

TABLE VI

VALUES OF df /doG v - Q.3

N. q

p

1 .0 0 .8 0 .6 € .4 ♦ N
>

0

f l f. € 0 0 0 - w

0 ,1 r. -0 .024 -G.075 -0 .209 -0.764 -16 ,83
0 .2 <*. -0..G4 7 -9 .  144 -0 .383 -1*235 -4 .777

0 ,3 y- -0 .068 -0 .202 -0 . 503 -1 .360 -2 .287
0 .4 -0 .088 - 0 .248 -0 .565 -1  . 263 -1  *356
0 .5 ✓’ -0 .106 -0 ,280 -e.573 -1 .060 -0 .904
0 .6 r> -0 /121 -3.298 -0 .557 -v ,888 -0 .640
0 ,7 o -0 .133 -0 .305 -0 ,516 -0 .720 -O.  491
0 .8 r< -0 .142 -0 .3C3 . - 0 .467 -0 .582 -0 .385
C , 9 Q -0 ,149 -0 .294 -0 .416 -0 .475 -0 ,311
1 .0 - A -0 .154 -0 .281 -0 ,368 -0 .390 -0 .257
1 .0 £ 0 .038 0,080 0 . 245 0 .228 G.372
1 .1 0 .029 O'. 064 0 .109 0 /171 0 .279
J
-t  < * - c 0 .022 0 . 049 Ô.084 0 .132 0 .215
1 .3 0 C.018 0 .039 0 .066 0 .  104 0 .169
1 .4 0 0 .014 0 .031 0 .053 0 .083 0 ,136
1 .5 0 O.Cl l 0 .025 0 .043 G.068 0 ,110
1 .6 0 3 .009 0 .021 0 .336 0.056 0 .091
1 .7 0 0 .808 C.O17 Ç.C30 0 .046 0 .076 .
1 .8 0 5 .007 0 .015 0 .025 0 ,039 0,064
1 ,9 0 C .006 0 . 012 0 ,021 0 .033 0 ,054
2 .0 G 0,005 G.C-11 0*018 0 .029 0,046
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TABLE Vil

v s 0 .3VALUES OF dg r /dp

\ q

P \L ■>
uo

J-

0.4
: ____

0.2

—,.... -------

0O t.V O

•0 0
J

0 | 0 0 0 OC"

n . i <? -0 .0 14 j - 0 .043 -0 .121 -0 .446 - 36 . 74
0 .2 0 -0 .027  j - 0 .083 -0 .225 -0 .750 -10 .43
0 .3 0 -0 .040  ; - 0 .119 -6 ,323 -0.87Ô -4 .992
0.4 o -0 .051  j - 0 .148 -0 .351 -0 .373 -2 .960
0 .5 ■o -0.062 -0 .170 -0 .373 -0 .805 -1 .974
0.6 0 -0 .672  | - 3 .186 -0 .376 -0 .715 -1 ,417
0 . 7 0 -0 .079  ! -0 .195« -0 .365 -0 .625 -1 .071  ■
0.8 0 -0 .087  j - 0 .199 -0 .346 -0 .544 -0 .840

1 €-.9 r. -0 .091  | - 0 .199 -0 .323 -0 .473 -1 .678  [
j 1 .0 -  ' û -0 .096  | —S. 195 -0 .299 - 3 . 4 ,13 -0 ,560  |
i l .C* ■ 0 -0 .038  i - 0 .085 *G . 145 -0 .228 -0 .372  |

1 .1 ■0 -0 .029  -0 .064 — G • Lo9 -0 .171 - " .279  i
1 .2 0 -0 .022  | - 0 .049 -0.084 -0 .132 -û .215
1 .3 ■0 -0 .018  ! -0 .039 -0 .066 -O ♦ 104 -0 .169  !
1.4 0 -0 .014  j - 2 .031 -0 .053 -0 ,083 -0 .136  !
1 5 0 -0 .011  2 -0 .025 -0 .043 i -9 .068 -0 .1 ’0  {
1 .6 0 -0 .009 j -0 .021 -0 .036 -G. 056 -0 .091  j
1 .7 0 -0 .008  \ - 0 .017 -0 .030 ; -0 .046 -0 .076
1.8 0 -0 .007  j - 0 .015  i -0 .025 -0 .039 *0 .064
1 .9 ■0 -0 .006  i - 0 .012f -0 .021 -0 .033 ! -0 .054

O*oi 0 -0 .005  ; - c . o i l  ! -0 .018 i -0 .029 -0 .046
i ___________i ___________;
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TABLE VI I I

VALUES Or t' 2 v = 0 .3

X.  q

p
1.0 0.8 0.6 0.4 0.2 0

0 0 .500 0 . 579 G. 691 0 .870 1 .230 CO
oa 0 .500 0 . 578 0 ,687 0 .857 1 .182 0.424
0 .2 0 .500 0 .573 0.674 0 .821 1 .060 0 .270
0 .3 0 .500 0.566 0 .652 0 .767 0 .905 0 .208
0.4 0 .500 0 .557 0 .625 0 ,702 0 .753 0 .174
0 .5 0 .500 0 .545 0 .593 •0.634 0 .621 0 .153
0.6 0 .500 0 .531 0 .558 0 .567 0 .513 0 .138
0.7 0 .500 0 .516 0 .522 0.505 0 .428 0 127
0 .8 0 .500 0 .499 0 .486 G.449 0 .361 0 .120
0.9 0 .500 0 .482 0 .451 0 .399 0 .309 0 .114
1 .0 0 .500 0.464 0 .418 0 .356 0 .263 0 .110
1 .1 0 .500 0 .465 0.421 0 . 363 0 .280 0 .134
1 .2 0 .500 0 .467 0 .426 0 .373 0 .297 0 .165
1 .3 G.500 0 .470 9 .433 0 . 384 0 .315 0 .197  .!
1 .4 0 .500 0 .473 0 .439 C .394 0 .333 0 .226
1 .5 0 .500 0 .475 0 .444 0 .404 0 .348 G.253
1.6 0 .500 0.477 0 .449 0 .413 0 .363 G. 276
1 .7 0 .500 0 .480 0 .454 0 .421 0 .375 0 .297
1 .8 0 . 500 0 .481  j 0 .458 0 .428 Q . 386 0 .316
1 .9 0 .500 0 .483 0 .462 0 .434 0 . 396 0 ,332
2 .0 0 .500 G.484

!
0 .465

■
0 .440 0 .405 0 .346  :
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TABLE IX

VALUES OF Q. v - 0 .3

q

P \
1 .0 0.8 0.6 0.4 0 .2 0

0 -0 .500 -0 .579 -0 .691 -0 .870 -1 .230 — CO

0 ,1 -0 .500 -0 .579 -0 .690 -0 .867 -1 .222 -4 .990
0.2 -0 .500 -0 .577 -0 ,687 -0 .859 -1 .197 -3 .132
0 .3 -0 .500 -0 .575 -0 .681 -0 ,845 -1 .157 -2 .365
0,4 -0 .500 -0 .572 -0 .672 -0 ,826 -1 .103 -1 .919
0,5 -0 .500 -0 .568 -0 .661 -0 .801 -1 .040 -1 .615  i:
0 ,6 -0 .500 -0 .563 -0 .648 -0 .772 -0 .972 -1 .337
0.7 -0 .500 -0 ,557 -0 .633 -0 .740 -0 .903 -1 .204
0.8 -0 .500 -0 .551 -0 .616 -0 .705 -0 .833 -1 .051
0,9 -0 .500 -0 .543 -0 .598 -0 ,668 -0 .764 -0 .918
1 .0 -0 .500 -0 .535 -0 .577 -0 .629 -0 .698 -0 .799
1.1 -0 ,500 -0 .524 -0 .553 -0 .588 -0 .635 -0 .704
1.2 -0 .590 -0 .517 -0 .537 -0 .562 -0 .595 -0 .644
1 ,3 -0 .500 -0 .512 -0 .527 -0 .545 -0 .569 -0 .605
1.4 -0 .500 -0 .509 -0 ,520 -0 .534 -0 .551 -0 ,578
1 .5 -0 .500 -0 .507 -0 .515 -0 .526 -0 ,539 -0 .559
1.6 -0 .500 -0 .505 -0 .512 -0 .520 -0 .530 -0 .546
1 .7 -0 .500 -0 .504 -0 .509 -0 .516 -0 .524 -0 .536
1 .8 -0 .500 -0 .503 -0 .507 -0 .512 -0 .519 -0 .529
1 .9 -0 .500 -0 .503 -0 .506 -0 .510 -0 .515 -0 .523
2.0 -0 .500 -0 .502 -0 .505 -0 .508 -0 .512 -0 .519



Tab le  X
LR-340

TABLE X

VALUES OF h2 v = 0 .3

\ q

P \
1.0 0.8 0.6 0.4 0 .2 0

0 -0 .500 -0 .579 -0 .691 -0 .870 -1 .230 - CO

0 ,1 -0 .500 -0 .578 -0 .689 -0 .862 -1 .202 -2 .992
0.2 -0 .500 -0 .575 -0 .680 -0 .840 -1 .130 -1 .883
0.3 -0 .500 -0 .571 -0 .667 -0 .806 -1 .034 -1 .429
0.4 -0 .500 -0 .564 -0 .649 -0 .765 -0 .934 -1 .168
0.5 -0 .500 -0 .557 -0 .628 -0 .720 -0 .841 -0 .993
0.6 -0 .500 -0 .547 -0 .604 -0 .674 -0 ,758 -0 .863
0 .7 -0 .500 -0 .537 -0 .579 -0 .629 -0 ,685 -0 .762
0.8 -0 .500 -0 .526 -0 ,554 -0 .585 -0 .622 -0 .679
0.9 -0 .500 -0 .513 -0 .528 -0 .545 -J .  567 -0 .608
1.0 -0 .500 -0 .501 -0 .503 -0 .507 -0 .517 -0 .546
1 .1 -0 .500 -0 .506 -0 .513 -0 .525 -0 .543 -0 .581
1.2 -0 .500 -0 .508 -0 .518 -0 .532 -0 .554 -0 .595
1.3 -0 .500 -0 .509 -0 .520 -0 .536 -0 .558 -0 .599
1.4 -0 .500 -0 .509 -0 .521 -0 .536 *0 .558 -0 .598
1.5 -0 .500 -0 .509 -0 .520 -0 .535 -0 .556 -0 .594
1.6 -0 .500 -0 .509 -0 .519 -0 .534 - 0 .554 -0 .589
1.7 -0 .500 -0 .508 -0 .518 -0 .532 -0 .551 -0 .584
1 .8 -0 .500 -0 .508 -0 .517 -0 .530 -0 .547 -0 .578
1,9 -0 .500 -0 .507 -0 .516 -0 .528 -0 .544 -0 .573
2.0 -0 .500 -0 .507 -0 .515 -0 .526 -0 .541 -0 .568
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TABLE XI

VALUES OF df ? /dp v ~ 0 .3

q

P \
1 .0 0 .8 0 ,6 0.4 0 .2 0

0 0 0 0 0 0 - ex?
0 .1 0 -0 .029 -0 .091 -0 .253 -0 ,901 -2 .793
0.2 0 -0 .057 -0 .175 -0 .464 -1 .456 -0 .873
0 .3 0 -0 .083 -0 .246 -0 .605 -1 .581 -0 .437
0.4 0 -0 .107 -0 .300 -0 .674 -1*440 -0 .263
0 .5 0 -0 .128 -0 .337 -0 .682 -1 .200 -0 .175
0.6 0 -0 .146 -0 .357 -0 .650 -0 .959 -0 .123
0.7 0 -0 .160 -0 .362 -0 .594 -0 .752 -0 .090
0,8 0 -0 .171 -0 .357 -0 ,528 -0 .587 -0 .066
0.9 0 -0 .179 -0 .343 -0 .461 -0 .459 -0*050
1 .0 - 0 -0 .183 -0 .324 -0 .399 -0*361 -0 .037
1 .0 0 0 .002 0 .010 0 .029 0 .069 0 .182
1 .1 0 0 .020 0 .048 0 .089 0 .154 0 .293
1 .2 0 0 .026 0 .061 0 .108 0 .179 0 .317
1 .3 0 0 .027 0 .062 0 .109 0 .173 0 .305
1.4 0 0 .026 0 .059 0 .103 0 .166 0 .280
1 .5 0 0 .024 0 .054 0.094 0 .150 0 .251
1.6 0 0 .022 0 .049 0 .084 0 .134 0 .223
1 .7 0 0 .019 0 .043 0 .075 0 .119 0 .196
1 .8 0 0 .017 0 .038 0 .066 0 .105 0 .173
1 .9 0 0 .015 0 .034 0 .059 0 .093 0 .153
2.0 0 0 .014 0 .030 0 .052 0 .083 0 .135
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TABLE XII

VALUES OF dg 2 /dp  v = 0 .3

q

p X \

1 .0 0 .8 0 .6 0 .4 0 .2 0

0 0 0 0 0 0 oo

0 .1 0 0 .009 0 .024 0 .056 0 .143 33 .24
0 .2 0 0 .018 0 .048 0 .112 0 .325 10 .67
0 .3 0 0 .027 0 .072 0 .168 0 .477 5 .583
0 .4 0 0 .035 0 .096 0 .221 0 .591 3 .588
0 .5 0 0 .044 0 .119 0 .268 0 .660 2 .591
0 .6 0 0 .053 0 .141 0 .308 0 .693 2 .018
0 .7 0 0 .061 0 .161 0 .339 0 .701 1 .659
0 .8 0 0 .070 0 .179 0 .362 0 .693 1 .419
0 .9 0 0 .078 0 .195 0 .378 0 .678 1 .252
1 .0 - 0 0 .085 0 .209 0 .389 0 .659 1 .131
1 .0 0 0 .141 0 .309 0 .517 0 .789 1 .197
1 .1 0 0 .088 0 .192 0 .321 0 .490 0 .743
1 .2 0 0 .057 0 .124 0 .208 0 .317 0 .481
1 .3 0 01038 0 .083 0 .139 0 .213 0 .322
1 .4 0 0 .026 0 .058 0 .096 0 .147 0 .223
1 .5 0 0 .019 0 .041 0 .068 0 .104 0 .158
1 .6 0 0 .013 0 .030 0 .049 0 .075 0 .114
1 .7 0 0 .010 0 .022 0 .036 0 .056 0 .084
1 .8 0 0 .008 0 .016 0 .027 0 .042 0 .063
1 .9 0 0 .006 0 .013 0 .021 0 .032 0 .048
2 .0 0 0 .004 0 .010 0 .016 0 .025 0 .037



Table  XIII
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TABLE XIII

VALUES OF dh 2 /dp v = 0 .3

\ q

P
1.0 0.8 0.6 0.4 0 .2 0

0 0 0 0 0 0 CO
0.1 0 0 .018 0 .058 0.154 0 .541 19 .88
0.2 0 0 .037 0 .111 0 .286 0 .879 6 .343
0 .3 0 0 .055 0 .158 0 .302 1 .003 3 .287
0.4 0 0 .071 0 .196 0 .438 0 .976 2 .085
0.5 0 0 .085 0 .224 0 .461 0 .883 1 .481
0.6 0 0 .098 0 .243 0 .459 0 .775 1 .133
0 .7 0 . 0.X09 0 .254 0 .443 0 .676 0 .913
0 .8 0 0 .118 0 .258 0 .419 0 .592 0 .765
0.9 0 0 .125 0 .257 0 .391 0 .523 0 .660
1 .0 - 0 0 .131 0 .253 0.364 0 .467 0 .584
l.CH- 0 -0 .069 -0 .150 -0 .244 -0 .360 -0 .507
1 .1 0 -0 .034 -0 .072 -0 .116 -0 .168 -0 .225
1 .2 0 -0 .015 -0 .032 -0 .050 -0 .069 -0 .082
1 .3 0 -0 .005 -0 .011 -0 .015 -0 .017 -0 .009
1.4 0 0 0 .001 0 .003 0 .010 0 .029
1 .5 0 0 .003 0 .007 0 .013 0 .023 0 .047
1 .6 0 0.004 0 .010 0 .017 0 .029 0.054
1 .7 0 0 .005 0 .011 0 .019 0 .032 0 .056
1 .8 0 0 .005 0 .011 0 .019 0 .032 0 .055
1 .9 0 0 .005 0 .011 0 .019 0 .031 0 .052
2.0 0 0 .005 0 .010 0 .018 0 .029 0 .049
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