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#s r oo, In addition the stress components 0., and U g and
the displacements u_ and ug must be continuous at the edge of
the depression r = a.

ons {1}, {2}, and'€3} W
tions (4) constlitute the mathematlicsl i
analysis problem. We pass over, for the moment, the somewnhat
involved procedures nesded to solwve the sguations and turn
& consideration of the resuilts, Suffice It to s &
the mathematical and computational work Iniroduc
approximations.

3.0 RESULTS AND DISCUSSIOHN

<

The solution 6f the foregolng eaquations yields the
formulas

- . — Y N r Y =ik
o . /o, = f lpl + iy{p) cos 25
P P H ) 50 £y
u{:a,/GG = ‘QS‘,Q} + ngp} ras 28 (53
SHEVENE hzﬁp} sin 28
where f , f., 9, 9~, N, aYye functions of the non~dimensional
o i ) 2 2
f -

radial coordinate 8 T r/z, of the ratic g = tj’ts which is a
measure of the depth cof the de

their merivatiVES'wztx respeat
to prare tabulated in Tables IV to XIIX
p = 0(0.1)2.0, g = 0{0.2)1.0, and the
Poisson's ratio v = 0.3, By use of th

ratio. These functions and
e or the ranges
gie valus of

& oW
Jebn
e R

tables and formulas
{5) all stresses and stiress gradients at any significant
point in the plate can be found.
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5.0

5.1

MATHEMATICAL DETAILS

Solution of Governing Ecquations

The governing equations obtained in section 2 are

8o, Qo ™~
T rT + rg "~ <I R }.'. g-—t:} (_'f?_r - C%lﬁ = 0’
ar 69 todr s
3(5 @{55 3 &
r 1’6’ - 'wg + {‘ + E C“*) grr‘ = O
ar a8 1 4dr
éu { )
—E = g - v, 16
E ar rr 66 *
y OU U By
E {é_ e S - A -—-—~—9> = 2{1 + V}G,,.g
r a6 r  8r B
E (.‘}';., E.Li@.’-r f.—x‘\ = O - ¥g
T 86 b o 66 £

£o NN N
18 il AN T :)‘\;3 4, TS &

t =9 .
;?o’ ‘ rza

)
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The boundary conditions are
e le/723{1 + cos 20)
cgg ~ (9,/23(1 - cos 29) {18}

ﬁrg + - {60/2} sin 2¢

as ¢ =, Further, the stresses ¢__ and ¢
placements u_ and ug must be contlnucus at

Ve ¢

m

by supposing that all
Y

}
™ - Y N .
form f{r} cos ¥ ox ¥
e

Crp = O Srr§r§ cos mh

c%ﬁ = 50 Séf{!} cos o

S5 = O Sré{r} sin mf {19}
ug = {GOI/E} wrir) cos mY

ug T {cor/E) wb{r) sin md

where appropriate factors have been introduced to make the
guantities S pot Wpr €tce, non-dimensional., Note that u, and
ug have been non-dimensionalized in terms of the variable
radius r instead of the fixed radius a. This simplifies
subsequent equations. Define the non-dimensional radius p
by p = r/a, and put g = t,/t . By substituting (17) and (19}

into (16) the non-dimensional governing equations for er'
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etC., are found %o be

pdsrr/dp = - {1+ Flp)} Szr + Sgg - MO g
pdS, o/dp = - (2 + Flp)) S.q + mSgg
pdwr/dp = Srz - ”’395 -y {20}
pdwe/dp = 2{1 + v}Sr% + e
Sgg = mwg W, ¥ Vsrr
where
Flp) = £ &
In the reglon p 2 } where the thickness of the plate is
constant,
Flp) = © (21)

while in the region p < 1 where the thickness of the plate
varies

£(p) = il - a) 922 (22)

g+ (1 - alp

Expressions (18) show that only the cases m= O
and m = 2 need be considered in order to satisfy boundary
conditions at infinity. For m = O the boundary conditions
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and for m = 2,
' . 2 4
SII‘T = l/& - QK}-/Q et 3K2/Q
4
386 = - 1/2 + BKQ/Q
- 2 w Il :
S = - 1/2 - Ky/p© - 3K, /p (26)
W= (1 + ‘-’)/2 + 23‘{}./)92 + {1 + V}KQ/Qa
. — I? " ~ 2 N 1 %7 4
We S O S V)/Z - {l - V}xi/ﬁ F (i + y)ﬁzfﬁ

where Ko’ Kl, KZ’ are constants of integration.

Consider next the region p < 1 where F{p} is given
by (22). The sclution of {(20) for this region is more difficult
than for the region p 2 1. By use of the last equation of
{20) 5@9 can be eliminated from the {first four equations of
(20), thus yielding the set of four ordinary linear
differential equations

pdsrr/dp = {"l‘*\i«?ip))srr - mSIa 3 yt(r < mwé

pﬁsrg/ﬁp = Vmsrr -+ {-ng(p}}srﬁ + mwr - m2w5 |
2 (27)

pdw /dp = (1 - vI)5__ - {1+ viw, - vymwy

paug/dp = 2(1 + v)S_g + mu_

or, in matrix form

pdS/dp = (A -BF(p))S (28)



where
Fad
“rr
Srﬁ
g =
L'
b
w
8

Yot

&)

oo

In equations (28) the parameter g appears, through the
function F{p), only in the combination {k~q}$2fq. It is
. therefore possible to eliminate ¢ from the eguations by

introducing a new independent variable y where

With this substitution {(28) becomes

Page -« 19
LR-340
-m 1
~2 o
129}
2 -1y
2{1+v) m
g o 0
16 o
5 o ¢
5 0 ¢
e {1 - ql/a) £ 30)
(A, - 28v°/(1 + y))s (31)

The. fact that y appears on the right»hand side of {31) only in
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the combination yz/(l + ¥2) suggests a further change of

- independent variable,
X = y2/(1 + \jz) (32)
This final change of variable reduces equation {28) to

2x{1 - x)dS/dx = (A, - 2Bx)S {33}

From (30) and {32) the connection between x and p is

1.2 o~
x = (1 - alp 5 px‘f(‘w (‘Q {34)
g+ {1 - glp 1 - T

The solution of {33) can be obtained in series form
by Frobenius's method {Ref. 1}, We assume a solution of the
form

2 3 ;
52+ XSST v;a) (35)

A
S = X (So xS, X
and determine i, S4+ Sp» etc., so that {33) is satisfied. By
substituting {35} into {33) and equating coefficients of like
powers of x we obtain

.‘.2(x+k)sk - 2(a+k-1)S, ;= A S, - 285, ,, k=1,72,3, ...



Equation {36) shows that X\ must be an eigenvalue of ﬁmfﬁ and
. .
H 2 1.

&
5  the corresponding eigenvector. he eigenvalues of A JSZ

o
are readily found t¢ be

e £
{38)
}.,3 I Y 3‘14 = - ImdZy « 1
Let us restrict atiention now Yo the case o = 2,
P A 2 & v . —
From {38) the eigenvalues of A,/2 are hy = O, hy = 1, hy = -1,
hg = -2« The eigenvalues %o and b, being negative, lead to
solutions which give non-zero diszpiacements at x = O and are
therefore inadmissible. The remaining elgenvaluss X, and X,
> &
3 - > -~ ! ¥ -
lead to acceptable series solutions of {33} which we danote
respectively by
~
; 2 3,
Pix) = Po* xPy v xRy v TPy .,
{39}
I - A ‘41"- 3:’"
\é(xj"’ ‘:‘«Gw{? :"m\fz't 7‘:‘-{3“' R

where Po myst e the gigenvector of A,/ /2 corresponding to ),
< e =5

o
o
Q
v
el
fotn
e
0
Fa o
9]
b
3%
L4
$od
e A3
[T
_‘f
L

Lo COrxy

and Ql the eigenve
found that

-1 - 1 ¢
pO = - “«'\, = {"'-3"‘(3}
vy - “2v /3
-1y ,l-'?n /1

By comparing (3%} with {3%) and recalling A =0, b, = 1, the
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recurrence
obtained from

2xp, = 2{k~1}P, = AP, ~ 2BP, .
2Py = 2U=1IPy T AgPy - BBP
{41}
2kQ, - 2{k-1)0, , = A,Q, - 2BG, .
2KQy - 2Uk-2)0 27K By
The fact that P, and Q, satisfy the same recurrewmce relation
i ¥
simplifies the numerical work. From {41} 1t follows
= (2kI - Ay)7F {20k-1)1 - 2B)%,
o . [
{42}
7 a
Qe = {2kI - A )77 (2{k-1}1 - 28)Q,
provided the matrix {2xI - ﬂg) is non-singular. This is trus
whert k¥ 2 2 but not when k¥ = 1, The squation connsciing ?1 and
P0 thersfore requires special examinatfon. For & = I the firs
equation of {41} is
o £ 4 3
(21 = A,)P, = - 2BP {43}
& i &
where the determinant of {21 - Ag} vanishes., Howevar BFQ is
such that the set of ecquations {43} is consistent and it may b
solved to give
3
Pl Sl vy {a4)

for the two solutions P{x}, Gix}, may be

b T
Thus

Yy
i



.
&
FLad e
wrd
o
- el
St )
[
iyl
.

il s

1

4

[
Fo A4

Ao




Fs

7~
a4

4

y
o

Pane -
LR~

i3]
B4 )
Ees 173} 1 . sy Pt
i3 s - a0 [r e ()3
s o) Ghg wey 3 *, (4
o e = w0 e e
£ £ @ o~ @
© LTRSS N A v 2
o)) - 8] B4 A o et @ W e
e \\\ttlirlliiifff/ H o ST @0 D
) I 42 #d S v A = W
-t e et Wl O st ek 2 wit
@*J ool o> 2 g7 2 B S 1 - N D. e 3
O ol $ + g fo-n f27 B Yo B S Gl BT ) o TS ”
w3 4 12 . [* . H«u %ﬂw .MV m v..w_ 44 ‘ﬂ,l..n— . \1v”
o 0o TR VIR o O A ¥ B o 3
W /!..ll...rl.‘ ,ii\\..\\ . DI 5 ok 0 et ) e -
Tem— % ow O ) ® ko Y ]
Y rotfeny 2 4 0 [ CE Eer .
< ’ eof g2 $1 e et e *
4 e 34 et [14] oy
S 0w Q N s +
Iv]"ll/ o r W Gz o b "
. e [ RY e I U 3
3 p o 12 o LRGN Y S » B3 [
O S 4¢3
/Il sl‘\“\\- @ et O ¢h b
S o 43 L I (S X
+ “A b + e
S ll}w" - 3 W m‘w w . \-\...\l\ - ..ltlll.'f-xlrff
' } b4 < i wh o K o
oot vl =} ot Y e e [ I .
) ! o s i) @ e ) et
e P w B E " S~—
30 B £ W I
e Q oW Lo +
o 1 B2 at o (&)
t - A e N L €2, < =
by (&) 08 e L ja
et [« P
o X ) - [TIT)Y (D
e &l o bos S SO TR T v r
{ - - (8} Cs +:3
et @ 47 o O W ¢}
ot @ O ® oW G T e,
£ <3 e e o sy
o &3 1= rt e o - O It
g e =l ] oo R )
= O Q e 172G 6 S W B3]
o, C © LU A -
e oy an e R Bt e
] H L OO [ o1 [S V] [
=y af A et it Yo i
s et S ta s O o
™ I Lom < =
2 G L L& (IS -
et d ToCoaoqQ
(\\ R = SEE S &
z @ L
7 0 [ R L o
o .m [T B T
« o W T o 42
AT b o0 0 O
et Ve F L S 7 B 1)




and

Rg = {2k - A )7H2(k-1)1 - 28)R k=1, 2, 3,.. (50)

K-17
The complete solution of (28) for the case m = O then is
S8{x} = C, R(x; {51)

where € 1is a constant.

“o
For the case m = O the quantities S.p» . etc., are

given by (51) in the region p § 1 and by (26} in the region

p 2 1. As in the case m = 2, the constants in these expressions

must be determined so that the expressions match at p = 1. HNote

here that S,g and wy automatically match since both are

identically zero. The requirements that Srr and w, match at

p = 1 yleld the set of equations for CO and Ko

rl(l-q) -1} fc, ‘ 1
. = 5 (=
r3(l-q) 1+v/ Ko ley
where the notation
r}‘.{x)
0
R(x} = {53)
rafx)
g

has been introduced., This completes the derivation of the
sclution for the case m= O,
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The guestion of convergence of the series (39) and
(48) is easily settled. The radius of convergence of a power
series extends to the nearest singularity, and the singularx
points in the complex plane of eguations {28) are x = O,
x = 1, and x = 0, Hence the series {39) and (48} converge
uniformly and absolutely for x| ¢ 1T 1In view of (34) this
means that the series converge for all values of p and g in
the ranges of interest, 0 < p < 1l and 0 < g< 1. Thne
introduction of x as the independent veriable imstead of vy
has an important advantage with regard to convergence, If
the equations {31) were solved by Frobenius’s method the
resulting power series in y would converge for Ey} < 1 since
the singular points of equations {31) are v = G, y = #i and
y = o0, From {30), y < 1 at all peints in the range 0 < p < 1
only if g > 1/2. Hence the series in y would converge only
for a limited range «f the parameter g. The change of
independent variable from vy to x significantly widens the
range of g for which the analysis is valid.

As stated before, the superposition of the solutions
for m = 0 and m = 2 furnishies the required solution of ocur
stress analysis problem. The {final formulas for the stresses
can be put in the form

9./ = i {p) + £5(p) cos 28
9pa/% = 9,(P) * g5{p) cos 28 (54)
%o’ % = ny{p) sin 28

* With regard to the speed of convergence, a study of the
recurrence relations reveals that Px and QK>are of order

k™0:29% while R, is of order k™1*4%% for large k.
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where fé, fz, 9g1 Fo0 h2 are given by the following expressioens,

In the regionp 2> I,

-~ a2
f,= 1/2 + KO/Q
= 1/9 2
9, = 1/2 - K /p
while in the regionp € 1,

9, = Colvry{x) + xy(x))

where

5.2 Special Case q= 0

% 2 . éi
g, = -1/2 + 31<2/p4 {55)
v 2 T 4
hy = -1/2 - K /p° - 3K,/p
f2 = Clpiix) + Cz.qi{x‘}
9y = Cylvpy + pg + 2p4)
{56)
v Cylvay + a3+ 2q,)
hg = Clpg(x) + C2G,2(X)
(1-q)p?

The case g = O reguires special consideration since

the substitution {30) is no longer admissible.

Although the

situation q = O is impossible to achieve in practice, it is
useful to have data for this case as i1 represents 2 limiting

value of q.
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When g = O the analysls as far as eguation (27) is
unchanged but the work dealing with the solution of equation
(28) must be revised, When q = O, F{p) = 2, and equation (28)
becomes

pdS/dp = D S (57)
where
“3Fy - 1 m
vim ~4 m m2
Dm i 1-v2 o ~1l-v -vm (s8)
0 2(1+v) m o

The solution of equations equivalent to (57) is given, among
other results, in Reference 2. We present here a slightly
different method of solution which is more in line with the
analysis of the previous section,

Equation (57) is an Euler equation which has solutions
of the form S = Xp™ where X is a constant vector. Substitution
into (57) yields

(D, - uI)X = 0 {59)

Hence u must be an eigenvalue of Dm and X the corresponding
eigenvector., Normally, four linearly independent solutions
of {57) can be obtained in this way. In the case m = 2, two
of the four solutions must be rejected on the grounds that
they yield non-zero displacements at p = 0, and the remaining
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two solutions may be combined linearly to form the complete
solution

u
1419 7 F CXop 2 (60)

The eigenvalues By By and the corresponding eigenvectors
Xl’ XZ’ are found to be

Hy = -2+ J":’-v + ’\/(7-v)2 - 16{3+v)

Hy = =2 +'J7-v - Aj(',’--s.v)2 - 16(1+v) {61)

uis + (5+‘J)1112 = 4“1 - 8(1-v)

2

2vps T+ 2(1+v)ui + 8

(1-v%)p,% + 4(1-v2)py - 8(1+)
2(l+V)2ui + 4(3%v) (1+v)

In the case m = O,'two solutions must be rejected as before
and one of the remaining two solutions is a trivial rigid-body
rotation which can also be discarded. The remaining solution
is

u

— \ Q
§ = CX.p {62)

-2 + 'J 2(1-v)

where

=
o}
1]
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and 1
° (63)
X =
o l-v + J2(l-v)

0

Expressions (60) and (62) are the appropriate
solutions of (28) when q = 0. As such they replace expressions
(45) and (51) respectively. With these replacements the
remaining steps in the derivation of the solution when g = O
are the same as in the previous section,

More details of the derivation of (62) and (62), in
particular the procedure for obtaining the eigenvalues of Dm’
can be found in Reference 2.

5.3 Numerical W¥Work

It will be appreciated that the computational work
is fairly lengthy, although not so lengthy as to be beyond
the range of a desk calculator. Except for the calculation
of Py, Qg, Ry, which was carried out on the Structures
Laboratory's Ferranti electronic computer using a program
prepared by Miss Helen Tulloch, all computations were done
on a desk computer.

The procedure for computing fo(p), f,(p), etc.
should be apparent from the analysis of the preceding sections.
The procedure for computing the derivatives of these functions,
however, requires some mention. For computing the derivatives
values of dP/dp, dQ/dp, dR/dp are needed, which may be ohtained
in one of the following ways. Consider, for example, dP/dp.
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In view of (34),
8P _ __2g(l-gjp 29_‘_!2 (64)
® (a+ (1m0 I
and from (39)
- 2 ) 3 =
dP/dx = Py + 2xP2 * 3x7Py ¥ 4x Py * ven {65)

Thus dP/dp may be obtained by summing the series (65) and
using {64). Alternatively, since P satisfies {28), dP/dp may
be obtained from the formula

dP/dp = (A, - BF(p))P/p. (66)

The latter method of calculation was used since it requires
less work and since the convergence of (65) is poor when x is
large. The fact that the right-hand side of (66} degenerates
to the form 0/0 as p tends to zero causes no difficulty. 1In
a few cases derivatives were calculated by both methods as a
check.

At least five places of decimals were retained in
the calculation of PK, QK’ RK’ and at least four places of
decimals in the other steps of the computations, Twenty
terms were retained in the powe: series summations and the
remainder after twenty terms was estimated by approximating
the remainder by a geometric series. In the worst case of
convergence the error involved in this procedure is less than
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0.03 percent., As a check on the numerical work several
computations, including the computation of Py, Qu, Ry, were
performed twice. A further check was provided by calculating
some derivatives in two ways, as already mentioned. As a
final check, a finite-difference formula was applied to a
sampling of the tabulated values o f s £ or etc., to obtain
the derivatives of these functions ahlch were then compared
with the tabulated values of the derivatives. The final
results quoted in the tables should be accurate to the number
of figures given.

Although equations {42) and (50) may be used as they
stand, a3 more convenient formula for computing PK’ QK’ RK’ can
be obtained. Consider, for example, the equation for PK,

I

(2kI - A,)P, = (2(k-1)I - 2B)P

TK-1
(67)

(2kI - A5)P, | + (A, - 21 - 2B)P, ,

Let M be the matrix of eigenvectors of A2 and A the diagonal
matrix of eigenvalues of A, so that M A2 A. From (67) we
obtain

S -ly _ -1 T Ll
M (2kI - Az)MM PK = M ~(2kI - Az)%M PK—l

sMT Ay - 21 - 2B)Ry (68)

-1 1 -1 R |
or  (2kI - A}M™P (2kT - MM P, + M (Ay - 21 - 2B)P

K:
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Now (2kI - A) is a diagonal matrix and is easily invertible.
Solving (68) for Py gives

Py = Py y
or, with a change in notation

where NK-l

v u(2kr - A (ay < 21 - 28)P )

(69)

= 2(2kI - A)"F and L & H‘k(Az - 21 - 28)/2. The

evaluation of M, A, MK, and L, is straightforward and we find

-(1+v)/3 ~{1+v})/3 !
-2 {1-v) -1
- (—3(l+v)/2 3(1ev)/2 1
24 ~(3vv) o
1/k 0 0
0 1/(k+1) o
A 0 1/(k+2)
0 0 0
o 1/2 1
3/4 -1/2 1/2
"= ~-v/2 (1rv}/2 -1
(3+rv)/a -(1+v)/2 {1-v)/2

(o I

4]
1/{k+3)

-(1rv)/3
-(1++v}/3
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Formula (69) is well suited to computation. It has the
gdvantage of requiring no matrix inversion, and in addition
the matrices ¥ and L are constant while'NK varies with k only
in a very simple way. Formula (69) also applies to Q. and a
similar formula can be derived for RK.
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TABLE IV
VALUES OF £ v = 0.3
3 . -
1.0 0.8 0.6 5.4 0.2 o
o 0.506 | ¢.576 | G.687 | 0.867 1.250 co
0.1 0.500 | 0,575 | 0.683 | 0.857 1,210 | 2.060
0.2 0.500 | 0.%72 | 0.672 | 0©.827 1.107 1.176
0.3 0.500 | 0.5%66 | 0.6%5 | 0.782 | ©.975 | 0.84C
G.4 0.500 6.558 | ©.632 | 0.728 | 0.842 | 0.664
0.5 0.500 | 0.348 | 0.606 | 0.672 0.725 | 0.554
0.6 0.500 0.537 0.577 o.614 D.627 | 0,877
0.7 0.500 0.524 0.547 | 0.560 | 0.%47 | ©.420
0.8 0.5C0 0.511 | ©.516 | 0.511 0.482 | ©.377
0.9 0.500 | 0.496 | 0.486 | 0.467 | 0.429 | ©.342
1.0 0.%500 | 0.481 £.457 | 0.427 | 0.386 | .31
1.1 0,500 | 0.484 | 0.265 | ©.440 | 0.406 | ©.347
1.2 0.506 | ©.487 | 0.470 | 0.450 | 0.421 | 0.371
1.3 0.500 | ©.489 | 0.475 | 0.457 | 0.433 | 0.390
1.4 0.500 | ©.490 | 0.478 | 0.463 | 0.442 | 0.405
1.5 0.500 | 0.492 | 0.481 | 0.468 | 0.449 0.418
1.6 0.500 0.493 | 0.483 | 0.472 | 0.43%6 | 0.428
1.7 0.500 | 0.494 ¢.485 | 0.475 0.461 0.436
1.8 0.500 | 0.494 0.487 0.478 0.465 £.443
1.9 0.500 | 0.495 | ©.488 | 0.480 | 0.468 | 0.449
2.0 0.500 | 0.495 | 0.489 | 0.482 | ©.472 | ©.454




Table V

LR-340
TABLE V
VALUES OF g, = 0,3
q
1.0 0.8 0.6 0.4 .2 o
o
0 0.500 | 0.376 | 0.687 | 0.867 | 1.250 oo
0.1 0.500 | 0.576 | 0.685 | 0.861 | 1.227 | 4.493
0.2 0.500 | 0.574 | 0.679 | 0.844 | 1.165 | 2.554
0.3 0.500 | 0.57¢ | 0.668 | ©.817 1.083 | 1.834
0.4 0.500 | 0.566 | 0.655 | 0.784 | ©.995 | 1.430
0.5 ¢.500 0.560C 0.639 0.748 0,910 | 1.208
0.6 0.500 | 0.553 | 0.621 | 0.710 | o.834 | 1,04l
0.7 0.500. | 0.546 | 0.6062 | 0.673 | ©.767 | ©.9:18
0.8 0.500 | 0.538 | 0.582 | ©.637 | 0.709 | 0.823
0.9 0,500 | 0.529 | 0.562 | 0.604 | 0.658 | 0.743
1.0 0.500 | 0.519 | 0.543 | 0.573 | 0.61s | 0.686
1.1 0.500 | 0.516 | 0.535 | 0.560 | 0.594 | 0.654
1.2 0.500 | ©.513 | 0.530 | ©0.551 | 0.579 | 0.629
1.3 £.500 | 0.511 | 0.%25 | 0.543 | 0.367 | 0.610
1.4 0.500 | 0.510 | 0.522 | 0.537 | 0.5%& | 0,595
1.5 0.500 | 0.509 | ©.519 | 0.532 | 0.85: | 0.%83
1.6 0,500 | 0.508 | ©.517 | 0.528 | ©.545 | 0.573
1.7 0.500 | 0.506 | 0.515 | 0.525 | 0.533 | 0.564
1.8 0.500 | ©0.506 | 0.513 | 0.522 | ©0.335 | ©.597
1.9 0.500 | 0.305 | 0.512 | o.520 | 0.532 | 0.551
2.0 0.505 0.511 0.518 0.529 0.546

0.500
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Table IX
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TABLE IX
YALUES OF o, = 0.3
q
1.0 0.8 6.6 0.4 0.2 o
o)

0 -0.500 | -0.%7% | -0.691 | -0.870 | -1.230 - co
9.1 ~0.500 | -0.579 | -0.690 | -0.867 | -1.222 | -4.990
0.2 -0.500 | -0.577 | -0.687 | -0.859 | -1.197 | -3.132
0.3 -0.500 | -0.575 | -0.681 -0,845 | -1,157 | -2.36%
n.4 -0.500 | -0.572 | -0.672 | -0.826 | -1.163 | -1.919
0.5 -0.500 | -0.9%68 | .0.661 | -0.801 | -1.040 | -1.61%
0.6 -0.300 ~0.563 -0.648 -0.772 -0.972 -1.387
0.7 -0.%00 | -0.%57 | -0.633 | -0.740 | -0.903 | -1.204
0.8 -0.500 | -0.551 | -0.616 | -0.705 | -0.833 | -1.051
0.9 -0,500 | -0.543 | -0.598 | -0.668 | -0.764 | -0.918
1.0 -0.%00 | -0.535 | -0.577 | -0.629 | -0.698 | -0.79%
1.1 -0.500 | -0.524 | -0.553 | -0.388 | -0.635 | -0.704
1.2 -0.500 | -0.517 | -0.537 | -0.%62 | -0.595 | -0.644
1.3 -0.500 | ~0.512 | -0.527 | ~0.545 | -0.569% | -0.605

.4 -0.500 | -0.509 | -0.520 | -0.534 | -0.551 | -0.578
1.5 -0.500 | -0.507 | -0.51% | -0.526 | -0.539 | -0.559
1.6 ~0.500 | -0.505 | -0.512 | -0.520 | -0.530 | -0.546
1.7 -0.500 | -0.504 | -0.509 | -0.316 | -0.,524 | -0.536
1.8 -0.500 | -0,503 | -0.507 | -0.512 | -0.519 | =0.529
1.9 -0.50¢ | -0.503 | -0.%06 | -0.510 | -0.515 | -0.523
2.0 -0.500 | -0.%02 | -0.%05 | -0.%08 | -0.512 | -0.519




Table X
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TABLE X
VALUES OF h, v = 0.3
1.0 0.8 0.6 0.4 0.2 0

0 ~G.500 -0.579 | -0.691 -0.870 ~1.,230 - 0
C.1 -0.,500 -5.578 -0.689 -0.862 -1.202 -2.992
0.2 -0.500 -0.%75 -0.680 -0.840 -1.130 -1.883
0.3 -0.500 -0.571 -0.667 -0.896 -1.034 -1.429
0.4 -0.500 -0.564 -0.649 -0.765 -0.934 -1.168
0.5 -0.500 -0.557 -0.628 -0.720 -0,.841 -0.993
0.6 ~0.500 0,547 | -0.604 -0.674 -0.758 -0.863
0.7 -0.500 -0.537 -0.579 -0.629 -0.685 -0.762
0.8 -0.500 -0.526 -0.554 -0.585 -0.622 -0.679
0.9 ~0.500 -0.513 ~0.528 -0.545 -J.567 -0.608
1.0 -0.500 -0.501 -2.503 -0.507 -0.517 -0.546
1.1 ~0.500 -0.506 -0.513 -0.525 -0.543 -0.581
1.2 ~0.5C0 -0.508 -0.518 -0.532 -0.5%54 -0.59%
1.3 -0.500 ~0.509 | -0.520 -0.536 -0.558 -0.599
1.4 -0.500 -0.509 -0.521 -0.536 -0.558 -0.598
1.5 -0.500 -0.509 -0.520 -0.535 -0.5%6 -0.594
1.6 -0.500 -0.509 -0.519 -0.534 -0.554 -0.589
1.7 -0.500 -0.508 -0.518 -0.532 -0.551 -0.584
1.8 -0.500 -0.508 -0.517 -0.530 ~0.547 ~0.578
1.9 ~0.500 -0.507 -0.516 -0.528 -0.544 ~0.573
2.0 -0.500 -0.507 -C.515 -0.526 -0.541 -0.568
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TABLE XI
VALUES OF df,/dp v= 0.3
q
1.0 0.8 0.6 0.4 0.2 0

P

0 0 0 o G o - co
0.1 0 -0.029 -0.091 ~-0.253 -0.901 ~-2,793
0.2 0 -0.057 -0.175 -0,464 -1,456 -0.873
0.3 0 -0.083 ~0.246 -0.605 -1.581 -0.437
0.4 0 -0.107 -0.300 -0.674 -1.,440 -0,263
0.5 0 -0.128 ~-0.337 -0.682 -1.200 -0.175
0.6 0 ~0.146 -0.357 -0.650 -0,959 -0.123
0.7 0 -0.160 -0,362 -0.594 -0.752 -0.090
0.8 o) -0.171 -0.357 ~-0.528 -0.587 -0.066
0.9 0 -0.179 -0.343 -0.461 -0.459 -0.050
1.0- 0 -0.183 -0.324 -0.399 -0.361 -0.037
1.0+ 0 0.002 0.010 0.029 0.069 0.182
1.1 0 0.020 0.048 0.089 0.154 0.293
1.2 0 0.026 0.061 0.108 0.179 0.317
1.3 0 0.027 0.062 0.109 0.178 0.305
1.4 0 0.026 0.059 0.103 9.166 0.280
1.5 0 0.024 0.054 0.094 0.150 0.251
1.6 0 0.022 0.049 0.084 0.134 0.223
1.7 0 0.019 0.043 0.075 0.119 0.196
1.8 0 0.017 0.038 0.066 0.105 0.173
1.9 0 0.015% 0.034 0.059 0.093 0,153
2.0 0 0.014 0.030 0.052 0.083 0.13%




Table XII
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TABLE XII
VALUES OF dg,/dp v = 0.3
q .
1.0 0.8 0.6 0.4 0.2 s}

0 0 6] ] a 0 <o
0.1 0 0.009 0.024 0.056 0.143 33.24
0.2 0 0.018 0.048 0.112 0.325 10.67
0.3 0 0.027 0.072 0.168 0.477 5.583
0.4 0 0.035 0.096 0.221 0.591 3.588
0.5 0 0.044 0,119 0.268 0.660 2.591
0.6 0 0.053 0.141 0.308 0.693 2.018
0.7 0 0.061 0.161 0.339 0.701 1.659
0.8 0 0.070 0.179 0.362 0.693 1.419
0.9 0 0.078 0.195 ©.378 0.678 1.252
1.0- 0 0.085 0.209 0.389 0.659 1.131
1.0+ o 0.141 G.309 0.517 0.789 1,197
1.1 0 0.088 0.192 0.321 0.490 0.743
1.2 0 0.057 0.124 0.208 0.317 0.481
i.3 0 0038 0.083 0.139 0.213 0.322
1.4 0 0.026 0.058 0.096 0.147 0.223
1.5 0 0.019 0.041 0.068 0.104 0.158
1.6 0 0.013 0.030 0.049 0.075 0.114
1.7 o ¢.010 0.022 0.036 0.056 0.084
1.8 0 0.008 0.016 0.027 0.042 0.063
1.9 0 C.006 0.013 0.021 0.032 0.048
2.0 0 0.004 0.010 0.016 0.025 0.037




Table XIII
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TABLE AIII
VALUES OF dh,/dp v = 0.3
q
1.0 0.8 0.6 0.4 0.2 0
p

0 0 0 0 0 0 co

0.1 0 0.018 0.058 0.154 0.541 19.88
0.2 0 0.037 0.111 0.286 0.879 6.343
0.3 0 0.055 0.158 0.382 1,003 3.287
0.4 0 0.071 0.196 0.438 0.976 2,085
0.5 0 0.08% 0.224 0.461 0.883 1.481
0.6 0 0.093 0.243 0.459 0.775 1.133
0.7 0 .0.109 0.254 0.443 0.676 0.913
0.8 0 0.118 0.258 0.419 0.592 0.765
0.9 0 0.125 0.257 0.391 0.523 0.660
1.0- 0 0.131 0.253 0.364 0.467 0.584
1.0+ 0 -0.069 -0.150 -0.244 -0.360 -0.507
1.1 0 -0.034 -0.072 -0.116 -0.168 -0.225
1.2 o -0.015 -0.032 -0.050 -0.069 -0.082
1.3 0 -0.005 -0.011 -0.015% -0.017 -0.009
1.4 0 0 0.001 0.003 0.010 0.029
1.5 0 0.003 0.007 0.013 0.023 0.047
1.6 0 0.004 0.010 0.017 0.029 0.054
1.7 0 0,005 0.011 0.019 0.032 0.056
1.8 o 0.005 0.011 0.019 0.032 0.05%
1.9 0 0.005 0.011 0.019 0.031 0,052
2.0 0 0.005 0.010 0.018 0.029 0.049
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